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Abstract
The post-post-Newtonian (2PN) accurate mass quadrupole moment, for com-
pact binaries of arbitrary mass ratio, moving in general orbits is obtained
by the multi-polar post Minkowskian approach of Blanchet, Damour, and
Iyer (BDI). Using this, for binaries in general orbits, the 2PN contributions
to the gravitational waveform, and the associated far-zone energy and angu-
lar momentum fluxes are computed. For quasi-elliptic orbits, the energy and
angular momentum fluxes are averaged over an orbital period, and employed
to determine the 2PN corrections to the rate of decay of the orbital elements.
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I. INTRODUCTION
Inspiralling compact binaries are one of the most promising sources of gravitational ra-
diation for kilometer size laser interferometric gravitational wave detectors like LIGO [1]
and VIRGO [2]. The method of matched filtering will be employed to detect and extract
information of binaries from the inspiral waveforms [3,4]. In this technique one cross cor-
relates the noisy output of a detector with theoretical templates. For this technique to
be successful, the templates must remain in phase with the exact – general relativistic –
waveform as long as possible. If the signal and template lose phase with each other even
by a cycle in the ten thousand as the waves sweep through the bandwidth of the detector
their cross-correlation will be significantly reduced and one may lose the event altogether.
Detailed works on data analysis aspects [5–8] bears out this inference and one is forced to a
description of the evolution of the binary system, using the best available theory of gravity
to substantially higher accuracy than that provided by the lowest order Newtonian approxi-
mation. The construction of accurate theoretical templates for inspiralling compact binaries
involves the solution to two different but related aspects referred to respectively as the “wave
generation problem” and the “radiation reaction problem”. In the generation problem one
computes the gravitational waveforms and the associated energy and angular momentum
fluxes emitted by the binary for a fixed, specified orbital motion ignoring the back reaction
of the radiation emission on the orbit. In the radiation reaction problem on the other hand,
one computes the effect of the emitted radiation on the orbital phase evolution and this is
of crucial importance as explained earlier.
Einstein’s [9] far field quadrupole equation is the solution to the generation problem to
the lowest order but applies only to objects held together by non-gravitational forces. Fock
[10] and Landau-Lifshiftz [11] provided two very different methods to generalize the above
results to weakly self-gravitating systems and the two approaches are the starting points
for the two methods available today to calculate gravitational wave generation to higher
orders: the Blanchet Damour Iyer(BDI) [12] approach and the Epstein Wagoner Thorne
Will Wiseman(EWTWW) [13] approach.
The BDI approach builds on a Fock type derivation using the double-expansion method
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of Bonnor [14]. This approach makes a clean separation of the near-zone and the wave-
zone effects. It is mathematically well-defined, algorithmic and provides corrections to the
quadrupolar formalism in the form of compact support integrals or more generally well-
defined analytically continued integrals. The scheme has a modular structure : the final
results are obtained by combining an ‘external zone module’ with a ‘near zone module’
and a ‘radiative zone module’. For dealing with strongly self-gravitating material sources
like neutron stars or black holes one needs to use a ‘compact body module’ supplemented
by an ‘equation of motion module’ to describe their ‘conservative’ orbital motion. Using
this approach the generation of gravitational waves from inspiralling compact binaries of
arbitrary mass ratio moving in a quasi circular orbit has been computed to 2PN accuracy
[15,16] and more recently to 2.5PN accuracy [17]. In this paper, in the first instance, using
the BDI approach, we extend the above 2PN treatment to inspiralling compact binaries
moving in a general orbit and compute the 2PN contributions to the waveform and the
energy flux. Unlike for circular orbits, the angular momentum flux from general orbits
provides additional, independent information and we also compute the same.
The Epstein-Wagoner-Thorne-Will-Wiseman approach on the other hand, builds on a
Landau-Lifshiftz type treatment to derive post- Newtonian corrections to the lowest order
quadrupole formula. The combined use of an effective stress energy tensor for the gravita-
tional field ( with non-compact support ) and of formal post-Newtonian expansions led to
the appearance of divergent integrals. The presense of the divergent integrals and the lack
of a clear separation between the near zone and the wave zone were unsatisfactory features
of this scheme until recently. However, last year, Will and Wiseman [18] have provided a
resolution to this problem by taking literally the statement that the solution is a retarded
integral i.e., an integral over the entire past null cone of the field point. A careful evaluation
of the far-zone contributions, then shows that all integrations are indeed convergent and
finite and moreover the tail terms are also correctly recovered. Using this treatment, Will
and Wiseman have computed the 2PN accurate waveform and energy flux for general orbits.
We thus have two approaches to the 2PN generation, which can provide a useful check on
the long and tedious algebra.
The most accurate results to date for the generation and the radiation reaction have been
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obtained in the limit where a test body orbits a very massive central body. In this comple-
mentary approach, based on black hole perturbation techniques there exist numerical results
that are exact in (v/c) and analytical results accurate to the 5.5PN order, i.e. corrections
of O[(v/c)11] for a test particle in a circular orbit around a Schwarzschild black hole [19–26],
where v is the orbital velocity of the test particle. For a test particle in a slightly eccentric
orbit, around a spinning black hole expressions for the energy and the angular momentum
fluxes have also been computed to the 2.5PN order [24].
It is well-known that, when gravitational waves from prototype systems like the binary
pulsar 1913+16 enter the bandwidth of the terrestial interferometric detectors, the eccentric-
ity of these binary systems would have been drastically reduced and have become negligible
due to the gravitational radiation reaction. A treatment of such systems is simpler since
the quasi-circular approximation for their orbits is amply adequate and the corresponding
waveforms do not depend on the eccentricity parameter of the orbit. However there exist
scenarios in which the eccentricity is no longer negligible and this would require the more
general treatment provided in this paper and independently by Will and Wiseman [18]. One
such possibility has been discussed by Shapiro and Teukolsky [27] in the context of the for-
mation of supermassive black holes. They consider a cluster of compact objects –neutron
stars and black holes– residing at the center of a galactic nucleus. Coulomb scattering and
dissipative processes will drive such a cluster to a high density, high redshift state. Once
the central redshift becomes sufficiently large, relativistic instability sets in, and the core
undergoes catastrophic collapse to form a supermassive black hole. Quinlan and Shapiro
[28] have shown that during the final year of the evolution of such a cluster, just prior to the
catastrophic collapse, there can be 100− 104 evolving black hole binaries in eccentric orbits
driven by gravitational radiation reaction, with masses in the range 10 − 100M⊙. Ground
based interferometric detectors will be sensitive to the gravitational radiation from these
binaries in eccentric orbits and such eccentric binaries may prove to be another possible
class of gravitational wave sources. More recently, Flanagan and Hughes [29] suggest that
intermediate mass black hole binaries of the kind considered above –with total masses in
the range 50M⊙ ≤ M ≤ (a few) ×103M⊙– may well be the first sources to be detected by
LIGO and VIRGO. The other possibility involves compact objects orbiting 106 to 107M⊙
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black holes, that seem fairly common in galactic nuclei. In this case the compact objects
could be scattered into very eccentric orbits orbits via gravitational deflections by other
stars. However, by the time gravitational radiation reaction becomes the dominant orbital
driving force, there is not enough inspiral remaining to fully circularise these orbits. Hils and
Bender [30] have argued that the event rates for the above process are very encouraging and
the chances of such signals being observed by Laser Interferometric Space Antenna, LISA
[31] appear very good.
The expressions for the far-zone energy and angular momentum fluxes find application
in another related but distinct problem; the evolution of the orbital elements of systems
like the binary pulsar 1913+16; most importantly the orbital period, and to a lesser extent
the eccentricity and semi-major axis. This application, in addition to the generation results
discussed earlier, requires a convenient representation of the post-Newtonian motion of two
point masses in elliptical orbits. To 1PN accuracy, such a quasi-Keplerian representation
has been provided by Damour and Deruelle [32], while to the 2PN order a generalised quasi-
Keplerian representation has been implemented by Damour, Scha¨fer, and Wex [33–36]. This
representation differs from the Keplerian representation of the Newtonian motion through
the appearance of three eccentricities instead of one, and a constant measuring the secular
advance of the periastron. Starting from the above representation of the orbital elements
in terms of the conserved energy and angular momentum, one computes the time variation
of the orbital elements. One ends up with a result, in terms of the time variation of the
‘conserved’ energy and angular momentum. By a heuristic argument, one replaces these by
the corresponding average far-zone fluxes which may be computed by averaging the far-zone
fluxes over an orbital period, using the quasi-Keplerian orbital representation. The reduction
in the orbital period, accurately inferred from the timing data of the binary pulsars is in
excellent agreement with the rigorous predictions of general relativity [37–41], which in turn
are consistent with the results of the above heuristic approach [42,44,45]. Extending the
above approach, Blanchet and Scha¨fer have obtained the 1PN and the 1.5PN corrections
to P˙ , the rate of decay of the orbital period P [46,47]. They have shown that for PSR
1913+16, the relative 1PN and 1.5PN corrections are numerically equal to +2.15 × 10−5
and +1.65×10−7 respectively. These are unfortunately far below the present accuracy in the
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measurements of P˙ for 1913+16. Junker and Scha¨fer [48] computed the 1PN contributions
to the gravitational waveforms, the associated angular and linear momentum fluxes and used
it to compute the evolution of the orbital elements in the quasi-Keplerian representation. In
the other part of the paper, we extend the above computations to obtain the 2PN corrections
to the evolution of orbital elements, taking due care of a new complication at this order that
the far-zone fluxes are computed in the harmonic or De Donder coordinates, while the orbital
representation is available in the Arnowit, Deser and Misner (ADM)coordinates.
Briefly, in this paper we obtain the terms O(ǫ2) in the expressions below, where ǫ ∼
v2/c2 ≈ Gm/c2 r; m, r, v, being the total mass, the distance between the bodies and the
relative velocity of the two bodies, respectively,
Iij = (Iij)N
{
1 +O(ǫ) +O(ǫ2) + ...
}
, (1.1a)
hTTkm = (h
TT
km)N
{
1 +O(ǫ0.5) +O(ǫ) +O(ǫ1.5) +O(ǫ2) + ...
}
, (1.1b)
dE
dt
= (
dE
dt
)N
{
1 +O(ǫ) +O(ǫ1.5) +O(ǫ2) + ..
}
, (1.1c)
dJ
dt
= (
dJ
dt
)N
{
1 +O(ǫ) +O(ǫ1.5) +O(ǫ2) + ...
}
, (1.1d)
<
dE
dt
> = <
dE
dt
>N
{
1 +O(ǫ) +O(ǫ1.5) +O(ǫ2) + ..
}
, (1.1e)
<
dJ
dt
> = <
dJ
dt
>N
{
1 +O(ǫ) +O(ǫ1.5) + O(ǫ2) + ..
}
, (1.1f)
<
dar
dt
> = <
dar
dt
>N
{
1 +O(ǫ) +O(ǫ1.5) +O(ǫ2) + ..
}
, (1.1g)
<
der
dt
> = <
der
dt
>N
{
1 +O(ǫ) +O(ǫ1.5) +O(ǫ2) + ..
}
, (1.1h)
dP
dt
= (
dP
dt
)N
{
1 +O(ǫ) +O(ǫ1.5) +O(ǫ2) + ...
}
, (1.1i)
and where Iij is the mass quadrupole moment for a system of two compact objects moving
in general orbits while hTTkm is the transverse-traceless(TT) part of the radiation-field, repre-
senting the deviation of the metric from the flat spacetime. In the above, dE/dt , dJ /dt are
the far-zone energy and angular momentum fluxes, < dE/dt > and < dJ /dt > represent the
averages of the far-zone fluxes over an orbital period, while < dar/dt >, < der/dt > along
with dP/dt give the gravitational radiation driven rate of decay of the orbital elements of
the binary in the generalized quasi- Keplerian parameterization. Note that the suffix ‘N’
denotes Newtonian contribution in all the above equations. For example (hTTkm)N denotes the
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Newtonian contribution to the waveform given by {2G/(c4R)}Pijkm I(2)ij . See Eq. (5.1) for
our notation.
The plan of the paper is as follows: In section II, using the BDI approach, we compute
the 2PN accurate mass quadrupole moment for two masses moving on general orbits. We
also obtain and list the mass and the current moments to the required accuracy, needed to
compute the 2PN accurate waveform. In section III we calculate the 2PN contributions to
the far-zone energy and angular momentum fluxes and discuss the limiting forms of these
expressions. In section IV, for the quasi-elliptic case, we average the above expressions over
an orbital period to obtain the 2PN corrections to < dE/dt >, < dJ /dt > and the rate of
decay of the orbital elements. Section V computes the 2PN contribution to gravitational
waveform for general orbits. Section VI contains the summary and a few concluding remarks.
In Appendix A we list identities, that are used in the computations, especially, of the
waveform. Finally, in appendix B, we sketch the steps involved in verifying the equivalence
of our waveform obtained using the STF multipoles of the radiative field and the Will-
Wiseman one obtained using the Epstein Wagoner multipoles.
II. MASS AND CURRENT MOMENTS OF COMPACT BINARIES ON
GENERAL ORBITS FOR 2PN GENERATION
A. 2PN mass quadrupole moment
The starting point for the computation of the 2PN accurate mass moment is the form of
the moment quoted in [16] i.e., Eq.(2.17).
IL(t) = FPB=0
∫
d3x|x|B
{
xˆL
[
σ − 4
c4
σUss +
4
c4
Uσss
]
+
|x|2xˆL
2c2(2ℓ+ 3)
∂2t σ
− 4(2ℓ+ 1)xˆiL
c2(ℓ+ 1)(2ℓ+ 3)
∂t
[(
1 +
2U
c2
)
σi − 2Ui
c2
σ +
1
πGc2
(
∂jU∂iUj − 3
4
∂iU∂jUj
)]
+
|x|4xˆL
8c4(2ℓ+ 3)(2ℓ+ 5)
∂4t σ −
2(2ℓ+ 1)|x|2xˆiL
c4(ℓ+ 1)(2ℓ+ 3)(2ℓ+ 5)
∂3t σi
+
2(2ℓ+ 1)xˆijL
c4(ℓ+ 1)(ℓ+ 2)(2ℓ+ 5)
∂2t
[
σij +
1
4πG
∂iU∂jU
]
+
xˆL
πGc4
[
2Ui∂ijUj − Uij∂ijU − 1
2
(∂iUi)
2 + 2∂iUj∂jUi − 1
2
∂2t (U
2) +Wij∂ijU
]}
+O(ε5) (2.1)
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The symbol FPB=0 in the above stands for “Finite Part at B = 0” and denotes a mathe-
matically well-defined operation of analytic continuation. For more details see [16].
As emphasized in [16] though the above expression is mathematically well defined, it is a
non-trivial and long calculation to rewrite it explicitly in terms of the source variables only.
This is achieved by representing the stress energy tensor of the source as a sum of Dirac
δ-functions.
T µν(x, t) =
N∑
A=1
mA
dyµA
dt
dyνA
dt
1√−g
dt
dτ
δ(x− yA(t)) , (2.2)
where mA denotes the (constant) Schwarzschild mass of the Ath compact body. Evaluating
this to 2PN accuracy we obtain for the source variables
σ(x, t) =
N∑
A=1
µA(t)
(
1 +
v2A
c2
)
δ(x− yA(t)) , (2.3a)
σi(x, t) =
N∑
A=1
µA(t)v
i
Aδ(x− yA(t)) , (2.3b)
σij(x, t) =
N∑
A=1
µA(t)v
i
Av
j
Aδ(x− yA(t)) , (2.3c)
where viA ≡ dyiA/dt and
µA(t) = mA
{
1 + (d2)A + (d4)A
}
, (2.4a)
d2 ≡ 1
c2
{
1
2
v2 − V
}
, (2.4b)
d4 ≡ 1
c4
{
3
8
v4 +
3
2
Uv2 − 4Uivi − 2Φ + 3
2
U2 + 4Uss
}
, (2.4c)
In the above V denotes the combination
V ≡ U + 1
2c2
∂2tX , (2.5)
the potential appearing naturally in the 1PN near-zone metric in harmonic coordinates. The
subscript A appearing in Eq. (2.4a) indicates that one must replace the field point x by the
position yA of the Ath mass point, while discarding all the ill-defined (formally infinite)
terms arising in the limit x→ yA. For instance
(U)A = G
∑
B 6=A
µB(t)(1 + v
2
B/c
2)
|yA − yB| , (2.6a)
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(Uss)A = G
∑
B 6=A
µB(t)v
2
B
|yA − yB| , (2.6b)
(Φ)A = G
∑
B 6=A
µB(t)(1 + v
2
B/c
2)(U)B
|yA − yB| , (2.6c)
(X)A = G
∑
B 6=A
µB(t)(1 + v
2
B/c
2)|yA − yB| . (2.6d)
[Note that the second time derivative appearing in V , Eq. (2.5), must be explicated before
making the replacement x→ yA(t).]
The terms in Eq.(2.1) fall into 3 types: compact terms, Y terms and W terms. The
compact terms, where the 3-dimensional integral extends only over the compact support of
the material sources; the Y terms involving three dimensional integral of the product of two
Newtonian like potentials; and the W term involving three dimensional integrals of terms
trilinear in source variables. The evaluation of these different terms proceeds exactly as in
the circular case. In fact if the time derivatives are not explicitly implemented the expression
in the general case and the circular case would be identical. The difference obtains when the
time derivatives are implemented using the equation of motion. In this section we need to
use the general form of the Damour-Deruelle equations of motion rather than the restricted
form of the circular orbit equations of motion relevant in [16].
We take up the compact terms first. They are given by
I
(C)
L =
N∑
A=1
{
µ˜A
[
1− 4
c4
UAss +
4
c4
UA(vA)
2
]
yˆLA
+
1
2(2ℓ+ 3)c2
d2
dt2
(µ˜Ay
2
Ayˆ
L
A) +
1
8(2ℓ+ 3)(2ℓ+ 5)c4
d4
dt4
(µ˜A(y
2
A)
2yˆLA)
− 4(2ℓ+ 1)
(ℓ+ 1)(2ℓ+ 3)c2
d
dt
([
µA
(
1 +
2UA
c2
)
viA −
2UAi
c2
µ˜A
]
yˆiLA
)
− 2(2ℓ+ 1)
(ℓ+ 1)(2ℓ+ 3)(2ℓ+ 5)c4
d3
dt3
(µAv
i
Ay
2
Ayˆ
iL
A )
+
2(2ℓ+ 1)
(ℓ+ 1)(ℓ+ 2)(2ℓ+ 5)c4
d2
dt2
(µAv
i
Av
j
Ayˆ
ijL
A )
}
, (2.7)
in which we have introduced for convenience µ˜A ≡ µA(1 + v2A/c2). In the above form the
moment depends not only on the position and velocity of the bodies but on higher time
derivatives. It is in the reduction of these derivatives that we need the 2PN accurate equation
of motion for general orbits. We use a harmonic coordinate system in which the 2PN center
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of mass is at rest at the origin. Using the 2PN accurate center of mass theorem, in the
center of mass frame, we can express the individual positions of the two bodies moving in
general orbits in terms of their relative position x = y1 − y2 and velocity v = v1 − v2
y1 =
{
X2 +
ηδm
2mc2
[
v2 − Gm
r
]
+
χ1
c4
}
x+
χ2
c4
v , (2.8a)
y2 =
{
−X1 + ηδm
2mc2
[
v2 − Gm
r
]
+
χ1
c4
}
x +
χ2
c4
v , (2.8b)
where r = |y1−y2| is the harmonic separation between the 2 bodies. The explicit values
of χ1 and χ2 are not needed in our calculations and hence not given above. The above
equations are obtained by setting equal to zero the conserved mass dipole G for general
orbits. Here we denote
m ≡ m1 +m2 , δm ≡ m1 −m2 ,
X1 ≡ m1
m
, X2 ≡ m2
m
= 1−X1,
η ≡ X1X2 = m1m2
m2
≡ µ
m
. (2.9)
The 2PN accurate equations of motion is written down next for completeness, where
finite-size effects, such as spin-orbit, spin-spin, or tidal interactions are ignored. [49–51]. For
the relative motion we have
a = aN + a
(1)
PN + a
(2)
2PN +O(ǫ
5) , (2.10)
where the subscripts denote the nature of the term, Newtonian (N), post-Newtonian (PN),
post-post-Newtonian (2PN), and the superscripts denote the order in ǫ. The explicit ex-
pressions for various terms mentioned above are given by
aN = −Gm
r2
n , (2.11a)
a
(1)
PN = −
Gm
c2 r2
{[
−2(2 + η)Gm
r
+ (1 + 3η)v2 − 3
2
ηr˙2
]
n− 2(2− η)r˙v
}
, (2.11b)
a
(2)
2PN = −
Gm
c4 r2
{[
3
4
(12 + 29η)
G2m2
r2
+ η(3− 4η)v4 + 15
8
η(1− 3η)r˙4
−3
2
η(3− 4η)v2r˙2 − 1
2
η(13− 4η)Gm
r
v2 − (2 + 25η + 2η2)Gm
r
r˙2
]
n
−1
2
[
η(15 + 4η)v2 − (4 + 41η + 8η2)Gm
r
− 3η(3 + 2η)r˙2
]
r˙v
}
, (2.11c)
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where n = x/r and r˙ = dr/dt.
We have on hand all the ingredients to compute Ic. Though long and tedious the com-
putation is straightforward and yields for the 2PN mass quadrupole:
I
[C]
ij = ηm STFij
{
xij+
+
1
42c2
{
xij
[
29(1− 3η)v2 − 6(5− 8η)Gm
r
]
−24(1− 3η)rr˙xivj + 22(1− 3η)r2vij
}
+
1
1512c4
[
v4(759− 5505η + 10635η2)
+
G2m2
r2
(1758− 6468η + 1878η2)
+v2
Gm
r
(5818− 16742η − 12166η2)
−r˙2Gm
r
(2038− 6662η + 146η2)
]
xij
+
1
378c4
[
v2(123− 1011η + 2199η2)
+
Gm
r
(68 + 434η − 2090η2)
+30r˙2(1− 5η + 5η2)
]
r2vij
− 1
378c4
[
Gm
r
(101 + 287η − 1655η2)
+v2(156− 1212η + 2508η2)
]
rr˙xivj
}
(2.12)
The Y terms on the other hand are given by
I
[Y ]
ij = −
2Gm1m2
c4
{
2Y ijv1v2 − Y ijv1v1
−1
2
v1Y
ij
v2
+ 2v2Y
ij
v1
− 1
2
∂2t (Y
ij)
−20
21
∂t
[
v2Y
aij
a −
3
4
v1Y
aij
a
]
+
5
216
∂2t
[
aY
abij
b
]}
+ (1↔ 2) (2.13)
where following [16]
v1Y
L
v2
= va1 v
b
2 aY
L
b , (2.14a)
aY
L
b = ∂ya1 ∂yb2Y
L , (2.14b)
Y L(y1,y2) =
|y1 − y2|
l + 1
l∑
p=0
y<l−p1 y
p>
2 , (2.14c)
so that
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Y ijv1v2 ≡ 2vs1vk2Y ijsk (2.15a)
Y ijsk =
1
3
∂
∂ys2
∂
∂yk2
r12
(
yij1 + y
(i
1 y
j)
2 + y
ij
2
)
(2.15b)
r12 = |y1 − y2| (2.15c)
The explication of all the above terms finally leads us to
I
[Y ]
ij = −
2mη
63 c4
Gm
r
STFij
{
xij
[
(v2 − r˙2)(37− 101η − 50η2)
+
Gm
r
(18− 54η − 3η2)
]
−r2vij(118− 92η + 10η2)
+rr˙xivj(82− 362η + 16η2)
}
(2.16)
The evaluation of the I [W ] term, the new feature at 2PN level, was discussed in detail in
[16]. The W term has been evaluated there for general orbits and we need to use the same
result here. We have
I
[W ]
ij = −
ηm
c4
G2m2
r2
STFij
{
[2 + 5η]xij
}
(2.17)
Adding up the compact i.e., C, Y and W contributions given by Eqs.(2.12), (2.16) and
(2.17), we finally obtain the expression for the 2PN accurate mass quadrupole for a system
of two bodies moving in general orbits. The final result is written below as a combination
of the three possible combinations xij , xivj, vij with coefficients which include corrections
beyond the Newtonian order at 1PN and 2PN orders:
Iij = µ STFij
{
xij
[
1 +
+
1
42 c2
(
(29− 87η)v2 − (30− 48η)Gm
r
)
+
1
c4
(
1
504
(253− 1835η + 3545η2)v4
+
1
756
(2021− 5947η − 4883η2)Gm
r
v2
− 1
756
(131− 907η + 1273η2)Gm
r
r˙2
− 1
252
(355 + 1906η − 337η2)G
2m2
r2
)]
− xivj
[
rr˙
42 c2
(24− 72η)
12
+
rr˙
c4
(
1
63
(26− 202η + 418η2)v2
+
1
378
(1085− 4057η − 1463η2)Gm
r
)]
+ vij
[
r2
21 c2
(11− 33η)
+
r2
c4
(
1
126
(41− 337η + 733η2)v2
+
5
63
(1− 5η + 5η2)r˙2
+
1
189
(742− 335η − 985η2)Gm
r
)]}
(2.18)
The above expression is identical to the one obtained by Will andWiseman in the appendix E
of [18] using the new improved version of the Epstein-Wagoner formalism. In their treatment
the Epstein-Wagoner multipoles appear more naturally, using which they compute the STF
mass quadrupole moment. Since the approach employed here and in [18] follow algebraically
different routes, the above match provides a valuable check on the long and complicated
algebra involved in the determination of the crucial mass quadrupole moment for 2PN
generation.
B. The other relevant mass and current moments
In this section we list the higher order mass and current multipole moments, required to
compute the 2PN contributions to the gravitational waveform and the associated far-zone
energy and angular momentum fluxes. They are straightforwardly obtained by explicating
the point particle limits of the more general expressions in the earlier BDI papers [12]
Iijk = −(µ δm
m
)STFijk {
xijk
[
1 +
1
6 c2
(
(5− 19η)v2
−(5 − 13η)Gm
r
)]
− xijvk
[
rr˙
c2
(1− 2η)
]
+ xivjk
[
r2
c2
(1− 2η)
]}
(2.19)
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Iijkl = µ STFijkl {
xijkl [(1− 3η)
+
1
110 c2
(
(103− 735η + 1395η2)v2
− (100− 610η + 1050η2)Gm
r
)]
− vixjkl
{
72 r r˙
55 c2
(1− 5η + 5η2)
}
+ vijxkl
{
78 r2
55 c2
(1− 5η + 5η2)
}}
(2.20)
Iijklm = −(µ δm
m
) (1− 2η)STFijklm
{
xijklm
}
(2.21)
Iijklmn = µ(1− 5η + 5η2)STFijklmn
{
xijklmn
}
(2.22)
Jij = −(µ δm
m
)STFijǫjab {
xiavb
[
1 +
1
28 c2
(
(13− 68η)v2
+(54 + 60η)
Gm
r
)]
+ vibxa
[
r r˙
28 c2
(5− 10η)
]}
(2.23)
Jijk = µ STFijkǫkab
{
xaijvb
[
(1− 3η)
+
1
90 c2
(
(41− 385η + 925η2)v2
+ (140− 160η − 860η2)Gm
r
)]
+
7 r2
45 c2
(1− 5η + 5η2) xavijb
+
10 r r˙
45 c2
(1− 5η + 5η2)xaivbj
}
(2.24)
Jijkl = −
(
µ
δm
m
(1− 2η)
)
STFijkl
{
ǫlab x
aijkvb
}
(2.25)
Jijklm =
(
µ (1− 5η + 5η2)
)
STFijklm
{
ǫmab x
aijklvb
}
(2.26)
The mass and the current moments listed above, agree with Eqs. (E3) of [18]. For the case
of circular orbits, the above mass and current moments reduce to Eqs. (4.4) of [16].
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III. THE FAR-ZONE FLUXES
A. The Energy flux
As discussed in [16] the end result of the 2PN accurate generation formalism is an
expression relating the radiative mass and current multipole moments UL and VL respectively
to the source mass and current multipole moments IL and JL respectively, obtained in the
previous section. In particular,
Uij(TR) = I
(2)
ij (TR) +
2Gm
c3
∫ +∞
0
dτ
[
ln
(
τ
2b
)
+
11
12
]
I
(4)
ij (TR − τ) +O(ε5) , (3.1a)
Uijk(TR) = I
(3)
ijk(TR) +
2Gm
c3
∫ +∞
0
dτ
[
ln
(
τ
2b
)
+
97
60
]
I
(5)
ijk(TR − τ) +O(ε5) , (3.1b)
Vij(TR) = J
(2)
ij (TR) +
2Gm
c3
∫ +∞
0
dτ
[
ln
(
τ
2b
)
+
7
6
]
J
(4)
ij (TR − τ) +O(ε4) , (3.1c)
for the moments that need to be known beyond the 1PN accuracy, and
UL(TR) = I
(ℓ)
L (TR) +O(ε
3) , (3.2a)
VL(TR) = J
(ℓ)
L (TR) +O(ε
3) , (3.2b)
for the other ones. The integrals in the above expressions, associated with the gravitational
wave tails, contain in addition to the total mass-energy of the source m, a quantity b which
is an arbitrary constant with dimensions of time parametrizing a freedom associated in the
construction of the far-zone radiative coordinate system.
In terms of the STF radiative moments of the gravitational field the far-zone energy flux
to 2PN accuracy is given by [17] (with U (n) ≡ dnU/dT nR):(
dE
dt
)
far−zone
=
G
c5
{
1
5
U
(1)
ij U
(1)
ij +
1
c2
[
1
189
U
(1)
ijkU
(1)
ijk +
16
45
V
(1)
ij V
(1)
ij
]
+
1
c4
[
1
9072
U
(1)
ijkmU
(1)
ijkm +
1
84
V
(1)
ijk V
(1)
ijk
]
+O(ε6)
}
. (3.3)
The 2PN-accurate energy loss given by Eq. (3.3) splits naturally into an “instantaneous”
contribution and a “tail” one. In this paper, we deal only with the instantaneous contribu-
tion, which is given by [52,16](
dE
dt
)inst
far−zone
=
G
c5
{
1
5
I
(3)
ij I
(3)
ij +
1
c2
[
1
189
I
(4)
ijkI
(4)
ijk +
16
45
J
(3)
ij J
(3)
ij
]
+
1
c4
[
1
9072
I
(5)
ijkmI
(5)
ijkm +
1
84
J
(4)
ijkJ
(4)
ijk
]}
. (3.4)
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Here I
(n)
L denotes the n
th time derivative of STF multipole moment of rank L. All the
computations from here onwards are performed, using MAPLE [53]. Evaluating the relevant
time derivatives of the multipole moments in Eq. (3.4), using the post-Newtonian equations
of motion to the appropriate order we obtain
(
dE
dt
)inst
far−zone
= E˙N + E˙1PN + E˙2PN , (3.5a)
E˙N = 8
15
G3m2 µ2
c5 r4
{
12v2 − 11r˙2
}
, (3.5b)
E˙1PN = 8
15
G3m2 µ2
c7 r4
{
1
28
[
(785− 852η)v4
− 2(1487− 1392η)v2r˙2
− 160(17− η)Gm
r
v2
+ 3(687− 620η)r˙4 + 8(367− 15η)Gm
r
r˙2
+ 16(1− 4η) G
2m2
r2
]}
, (3.5c)
E˙2PN = 8
15
G3m2 µ2
c9 r4
{
1
42
(1692− 5497η + 4430η2)v6
− 1
14
(1719− 10278η + 6292η2)v4r˙2
− 1
21
(4446− 5237η + 1393η2)Gm
r
v4
+
1
14
(2018− 15207η + 7572η2)v2r˙4
+
1
7
(4987− 8513η + 2165η2)Gm
r
v2r˙2
+
1
756
(281473 + 81828η + 4368η2)
G2m2
r2
v2
− 1
42
(2501− 20234η + 8404η2)r˙6
− 1
63
(33510− 60971η + 14290η2)Gm
r
r˙4
− 1
252
(106319 + 9798η + 5376η2)
G2m2
r2
r˙2
+
2
63
(−253 + 1026η − 56η2)G
3m3
r3
}
(3.5d)
Eqs. (3.5) are in exact agreement with the results of Will and Wiseman using the new
improved Epstein-Wagoner approach [18]. Circular and radial infall limits of Eqs. (3.5) are
in agreement with earlier results [54,16,60,18] and discussed further in section IIIC.
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The tail contribution, on the other hand is given by
(
dE
dt
)tail
far−zone
=
2G
5c5
2Gm
c3
I
(3)
ij (TR)
∫ +∞
0
dτ ln
(
τ
2b1
)
I
(5)
ij (TR − τ) , (3.6)
where b1 ≡ b e−11/12. A detailed discussion of the tail terms and its implications has been
given by Blanchet and Scha¨fer [47], and we do not discuss it any further in this paper.
B. The angular momentum flux
In terms of the STF radiative multipole moments the far-zone angular momentum flux
to 2PN accuracy is given by:(
dJi
dt
)
far−zone
=
G
c5
ǫipq
{
2
5
UpjU
(1)
qj +
1
c2
[
1
63
UpjkU
(1)
qjk +
32
45
VpjV
(1)
qj
]
+
1
c4
[
1
2268
UpjklU
(1)
qjkl +
1
28
VpjkV
(1)
qjk
]}
. (3.7)
As before, rewriting the radiative moments in terms of the source moments, allows us to
separate the instantaneous and tail contributions and we discuss them independently. We
have [52]
(
dJi
dt
)inst
far−zone
=
G
c5
ǫipq
{
2
5
I
(2)
pj I
(3)
qj +
1
c2
[
1
63
I
(3)
pjkI
(4)
qjk +
32
45
J
(2)
pj J
(3)
qj
]
+
1
c4
[
1
2268
I
(4)
pjklI
(5)
qjkl +
1
28
J
(3)
pjkJ
(4)
qjk
]}
. (3.8)
Computing the required time derivatives of the STF moments, using the post-Newtonian
equations of motion to the appropriate order, we obtain
(
dJ
dt
)inst
far−zone
= J˙N + J˙1PN + J˙2PN , (3.9a)
J˙N = 8
5
G2mµ2
c5 r3
L˜N
{
2v2 − 3r˙2 + 2 Gm
r
}
, (3.9b)
J˙1PN = 8
5
G2mµ2
c7 r3
L˜N
{
1
84
[
(307− 548η)v4
− 6(74− 277η)v2r˙2 − 4(58 + 95η)Gm
r
v2
+ 3(95− 360η)r˙4 + 2(372 + 197η)Gm
r
r˙2
− 2(745− 2η)G
2m2
r2
]}
, (3.9c)
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J˙2PN = 8
5
G2mµ2
c9 r3
L˜N
{
1
504
[
(2665− 12355η + 12894η2)v6
− 3(2246− 12653η + 15637η2)v4r˙2
+ (165− 491η + 4022η2)Gm
r
v4
+ 3(3575− 16805η + 15680η2)v2r˙4
+ (21853− 21603η + 2551η2)Gm
r
v2r˙2
− 2(10651− 10179η + 3428η2)G
2m2
r2
v2
− 28(195− 815η + 485η2)r˙6
− (22312− 41 398 η + 96 95 η2)r˙4 Gm
r
+ 2(8436− 25102η + 4587η2)G
2m2
r2
r˙2
]
+
1
2268
(170362 + 70461η + 1386η2)
G3m3
r3
}
, (3.9d)
where L˜N = r× v. The 1PN contribution is in agreement with the earlier results of Junker
and Scha¨fer [48]. The 2PN contribution is new and together with the energy flux obtained in
the earlier section forms the starting point for the computation the 2PN radiation reaction
for compact binary systems –4.5PN terms in the equation of motion – [55], using the refined
balance method proposed by Iyer and Will [56,57]. The tail terms, in the angular momentum
flux are given by
(
dJi
dt
)tail
far−zone
=
2G
5c5
2Gm
c3
ǫijk I
(3)
kl (TR)
∫ +∞
0
dτ ln
(
τ
2b1
)
I
(4)
jl (TR − τ) . (3.10)
We will not be discussing the tails terms here, as they are extensively studied by Rieth and
Scha¨fer [58].
C. Limits
All the complicated formulae, discussed in the earlier sections take more simpler forms for
quasi-circular orbits. For compact binaries like PSR 1913+16, quasi-circular orbits should
provide a good description close to the inspiral phase, since gravitational radiation reaction
would have reduced the present eccentricity, to vanishingly small values. In this context
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‘quasi’ implies the slow inspiral caused by the radiation reaction. The quasicircular orbit is
characterised by r¨ = r˙ = O(ǫ2.5). The 2PN equations of motion, become
a ≡ dv
dt
≡ d
2x
dt2
= −ω22PN x +O(ǫ2.5) . (3.11a)
with ω2PN, the 2PN accurate orbital frequency, is given by
ω22PN ≡
Gm
r3
{
1− (3− η)γ +
(
6 +
41
4
η + η2
)
γ2
}
, (3.12)
where γ = Gm/c2 r. Note that Eqs. (3.11) imply as usual, that v ≡ |v| = ω2PN r +O(ǫ2.5),
so that from Eq. (3.12) we get
v2 =
Gm
r
{
1− (3− η)γ +
(
6 +
41
4
η + η2
)
γ2
}
. (3.13)
Substituting r˙ = 0 in Eqs. (3.5), and using Eq. (3.13) we obtain the 2PN corrections to the
far-zone energy flux for compact binaries of arbitrary mass ratio, moving in a quasicircular
orbit
(
dE
dt
)inst
far−zone
=
32
5
c5
G
η2γ5
{
1 − γ
(
2927
336
+
5
4
η
)
+ γ2
(
293383
9072
+
380
9
η
)}
. (3.14)
Eq. (3.14) is consistent with results of [54,16,18].
The energy and angular momentum fluxes are not independent but related in the case
of circular orbits. The precise relation may be written following [59] as:
(
dE
dt
)
far−zone
= v2 J˙ , (3.15a)
where
(
dJ
dt
)
far−zone
≡ L˜NJ˙ , (3.15b)
where v2 defined in terms of Gm/r, is given by Eq. (3.13) [16].
The other limiting case we compare to corresponds to the case of radial infall of two
compact objects of comparable masses. Equations representing the head-on infall can be
obtained from the expressions for the general orbit by imposing the restrictions, x = znˆ,
v = z˙nˆ, r = z and v = r˙ = z˙. We consider two different cases, following Simone, Poisson,
and Will [60]. In case (A), the radial infall proceeds from rest at infinite initial separation,
which implies that the conserved energy E(z) = E(∞) = 0. In case (B), the radial infall
proceeds from rest at finite initial separation z0, which implies
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E(z = z0) = −µc2γ0
{
1− 1
2
γ0 +
1
2
[
1 +
15
2
η
]
γ20
}
, (3.16)
where γ0 = Gm/z0c
2. Inverting E(z) for z˙2 and using Eq. (3.16) we obtain
z˙ = −c
{
2 (γ − γ0)
[
1− 5γ
(
1− η
2
)
+ γ0
(
1− 9η
2
)
+γ2
(
13− 81η
4
+ 5η2
)
− γγ0
(
5− 173η
4
+ 13η2
)
+γ20
(
1− 5η
4
+ 8η2
)]} 1
2
, (3.17)
where γ = Gm/z c2. Using the radial infall restrictions and Eq. (3.17) in Eqs. (3.5) we
obtain for the case B),the far-zone radiative energy flux
(
dE
dt
)inst
far−zone
=
16
15
c5 η2 γ5
{
1− x− 1
7
[
43− 111
2
η − x(116− 131η) + x2(71− 135 η
2
)
]
γ
−1
3
[
1127
9
+
803
12
η − 112 η2 + x
7
(
4471
9
− 15481η
3
+ 2864 η2
)
−x
2
7
(
1870− 38521 η
6
+
8800 η2
3
)
+ x3
(
83− 1183 η
4
+
872 η2
7
)]
γ2
}
, (3.18)
where x = γ0/γ. For the case (A), the expressions for z˙ and dE/dt are obtained by setting
γ0 = 0 in Eqs. (3.17) and ( 3.18). Eq. ( 3.18), along with corresponding one for case (A)
are in agreement with [60].
IV. THE EVOLUTION OF THE ORBITAL ELEMENTS IN THE GENERALIZED
QUASI-KEPLERIAN PARAMETERIZATION OF THE BINARY
In this section, we compute the 2PN corrections to the rate of decay of the orbital
elements of a compact binary, in quasi-elliptical orbit, i.e the effect of the 4.5PN radiation
reaction on a 2PN accurate conservative elliptical motion, extending the earlier computations
[46–48]. The basic ingredients we employ for the calculations are the far-zone energy and
angular momentum fluxes in the harmonic coordinates computed in previous sections and
a 2PN accurate description of the relative motion of the compact binaries available in a
generalized quasi-Keplerian parameterization given in the ADM coordinates [34–36]. Since
the De Donder(harmonic) and the ADM coordinates are different at the 2PN order, we
use the coordinate transformations connecting the harmonic and the ADM coordinates [61],
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to rewrite the far-zone fluxes in the ADM coordinates. The far zone fluxes, in the ADM
coordinates are averaged over an orbital period, extending the earlier computations at the
1PN and the 1.5PN order [46–48,58]. The 2PN corrections to the rate of decay of the orbital
elements are computed using heuristic arguments based on the conservation of energy and
angular momentum to the 2PN order. Before proceeding to the actual computations, in the
next two sections, we summarize the generalized quasi-Keplerian description of the binary
orbits in the ADM coordinates and the transformations needed, to relate the kinematical
variables in the harmonic and the ADM coordinates.
A. The second post- Newtonian motion of compact binaries
The generalized quasi-Keplerian description for the general binary orbits to the 2PN or-
der, developed by Damour, Scha¨fer, and Wex [34–36] is best suited for the calculation we pro-
pose to do in the following sections and we summarize it in what follows. Let rA(tA), φA(tA)
be the planar relative motion of the two compact objects in usual polar coordinates asso-
ciated with the ADM coordinates. The radial motion rA(tA) is conveniently parameterized
by
rA = ar (1− er cosu) , (4.1a)
n(tA − t0) = u− et sin u+ ft
c4
sin v +
gt
c4
(v − u) , (4.1b)
where ‘u’ is the ‘eccentric anomaly’ parameterizing the motion and the constants ar, er, et, n
and t0 are some 2PN semi-major axis, radial eccentricity, time eccentricity, mean motion,
and initial instant respectively. The angular motion φA(tA) is given by
φA − φ0 =
(
1 +
k
c2
)
v +
fφ
c4
sin 2v +
gφ
c4
sin 3v , (4.2a)
where v = 2 tan−1


(
1 + eφ
1− eφ
) 1
2
tan(
u
2
)

 . (4.2b)
In the above φ0, k, eφ are some constant, periastron precession constant, and angular ec-
centricity respectively. All the parameters n, k, ar, et, er, eφ, ft, gt, fφ and gφ are functions
of the 2PN conserved energy and angular momentum per unit reduced massµ: To avoid
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additional notations following [34–36], these are also denoted as E and |J|. Their explicit
functional forms, given in [35] are displayed below
ar = −Gm
2E
{
1 +
1
2 c2
(7− η)E + 1
c4
[
1
4
(1 + 10η + η2)E2 +
1
2
(17− 11η) E
h2
]}
, (4.3a)
e2r = 1 + 2Eh
2 − 1
c2
{
2(6− η)E + 5(3− η)E2h2
}
+
1
c4
{
(26 + η + η2)E2
−2(17− 11η) E
h2
+ (80− 55η + 4η2)E3 h2
}
, (4.3b)
n =
(−2E) 32
Gm
{
1 +
1
4 c2
(15− η)E + 1
c4
[
1
32
(555 + 30η + 11η)E2 − 3
2
(5− 2η) (−2E)
3
2
h
]}
, (4.3c)
e2t = 1 + 2Eh
2 +
1
c2
{
4(1− η)E + (17− 7η)E2 h2
}
+
1
c4
{
2(2 + η + 5η2)E2
−(17 − 11η) E
h2
+ (112− 47η + 16η2)E3h2 − 3(5− 2η)(1 + 2Eh2)(−2E)
3
2
h
}
, (4.3d)
ft = − 1
8 h
η(4 + η)(1 + 2Eh2)
1
2 (−2E) 32 , (4.3e)
gt =
3
2
(5− 2η)(−2E)
3
2
h
, (4.3f)
k =
3
h2
{
1 +
1
2 c2
[
(5− 2η)E + 5
2 h2
(7− 2η)
]}
, (4.3g)
fφ =
1
8
η
h4
(1− 3η)(1 + 2E h2) , (4.3h)
gφ = − 3
32
η2
h4
(1 + 2Eh2)3/2 , (4.3i)
e2φ = 1 + 2Eh
2 − 1
c2
{
12E + (15− η)E2 h2
}
− 1
8 c4
{
4(16− 88η − 9η2)E2
−4(160− 30η + 3η2)E3h2 + (408− 232η − 15η2)E
h2
}
, (4.3j)
where h = |J|/(Gm). Note that n = 2π/P , where P is the period of the binary. Using
these parametric equations of the motion, we compute r˙2A, v
2
A to the 2PN order in terms of
E, h2, (1− er cos u) using,
dtA
du
=
∂tA
∂u
+
∂tA
∂v
dv
du
(4.4a)
r˙2A =
(
drA
du
/
dtA
du
)2
(4.4b)
φ˙2A =
(
dφA
dv
dv
du
/
dtA
du
)2
(4.4c)
v2A = r˙
2
A + r
2
Aφ˙
2
A . (4.4d)
22
The subscript ‘A ’ present in Eqs. (4.4) is a reminder that the expressions refer to the ADM
gauge. We have
r˙2A =
{
−1 + 2
(1− er cos u) +
2
(1− er cos u)2 E h
2
}
(−2E)
+
1
c2
{
−3 + 9η + 1
(1− er cosu)
[
38− 30η
]
− 1
(1− er cosu)2
[
40− 20η − (36− 28η) Eh2
]
− 1
(1− er cosu)3
[
(64− 24η)Eh2
]}
E2
− 1
c4
{
4− 19η + 16η2 − 1
(1− er cosu)
[
168− 326η + 98η2 − 1
E h2
(34− 22η)
]
+
1
(1− er cosu)2
[
496− 712η + 164η2 −
(
213− 298η + 85η2
)
Eh2
]
− 1
(1− er cosu)3
[
212− 332η + 80η2 −
(
800− 932η + 188η2
)
Eh2
]
− 1
(1− er cosu)4
[
528− 528η + 96η2
]
Eh2 +
1
(1− er cosu)5
[
32 + 8η2
]
η E2h4
}
(−E)3 ,
(4.5a)
v2A =
{
−1 + 2
(1− er cosu)
}
(−2E)
− 1
c2
{
3− 9η − 1
(1− er cosu) [38− 30η] +
1
(1− er cos u)2 [40− 20η]
+8
1
(1− er cos u)3η Eh
2
}
E2
− 1
c4
{
4− 19η + 16η2 − 1
(1− er cosu)
[
168− 326η + 98η2 − 1
Eh2
(34− 22η)
]
+
1
(1− er cosu)2
[
428− 668η + 164η2
]
− 1
(1− er cosu)3
[
212− 332η + 80η2 − (76− 84η) η Eh2
]
− 1
(1− er cosu)4 [80− 128η] η Eh
2 + 72
1
(1− er cosu)5 η
2E2h4
}
(−E)3 . (4.5b)
These expressions for r˙2A and v
2
A are consistent with Eqs. (6) and (7) of [62].
B. The transformation between De-Donder ( harmonic ) and ADM gauges
As pointed out earlier, the far-zone fluxes obtained in previous sections are in the har-
monic coordinates, whereas, the 2PN accurate orbital description given by Eqs. (4.1), (4.2),
and (4.3) are in the ADM coordinates. For the purpose of averaging the far zone fluxes using
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the the 2PN accurate orbital representation, we need to go from the De-Donder(harmonic)
to the ADM gauge, and rewrite the expressions for the far-zone fluxes in the ADM coor-
dinates. These follow straightforwardly from the transformation equations in [61] and we
list below the transformation equations, relating the harmonic(De-Donder) variables to the
corresponding ADM variables:
rD = rA +
Gm
8 c4 r
{[(
5v2 − r˙2
)
η + 2 (1 + 12η)
Gm
r
]
r
−18 η rr˙ v} , (4.6a)
tD = tA − Gm
c4
η r˙ , (4.6b)
vD = vA − Gmr˙
8 c4 r2
{[
7v2 + 38
Gm
r
− 3r˙2
]
η + 4
Gm
r
r˙
}
r
−Gm
c4r
{[
5v2 − 9r˙2 − 34Gm
r
]
η − 2 Gm
r
}
v , (4.6c)
(LN)D = (LN)A
{
1 +
Gm
4 c4 r
[
(2 + 29η)
Gm
r
+ 4 η r˙2
]}
, (4.6d)
rD = rA +
Gm
8 c4
{
5 ηv2 + 2 (1 + 12η)
Gm
r
− 19 ηr˙2
}
, (4.6e)
v2D = v
2
A −
Gm
4 c4 r
{[
5v4 − 2v2r˙2 − 3r˙4
]
η
−
[
2 (1 + 17η) v2 − (4 + 38η) r˙2
]
Gm
r
}
, (4.6f)
r˙2D = r˙
2
A −
Gm
2 c4 r
r˙2
{
15
(
v2 − r˙2
)
η + (1 + 2η)
Gm
r
}
. (4.6g)
The subscript ‘D’ denotes quantities in the De-Donder ( harmonic ) coordinates. Note
that in all the above equations the differences between the two gauges are of the 2PN order.
As there is no difference between the harmonic and the ADM coordinates to 1PN accuracy,
in Eqs. (4.6), for the 2PN terms no suffix is used. The 2PN extension of the evolution of the
orbital elements thus requires more technical care than the 1PN case due to the differences in
the ADM and harmonic coordinates given by Eqs. (4.6). Finally using the above equations
we have verified that the expressions given by Eqs. (2.8), relating the individual locations
of the two bodies to the centre of mass coordinate are consistent with the corresponding
choice in ADM coordinates, given by Eqs. (A5) - (A8) of [36].
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C. 2PN corrections to < dE/dt > and < dJ /dt >
Starting from Eqs.(3.5) and (3.9) for the far-zone fluxes in the harmonic coordinates we
use Eqs. ( 4.6), to obtain dE/dt and dJ /dt in the ADM coordinates. For economy of presen-
tation, we write the results in the following manner, (F lux)A = (F lux)O+ ‘Corrections’,
where (F lux)A represent the far-zone flux in the ADM coordinates. (F lux)O is a short
hand notation for expressions on the r.h.s of Eqs. (3.5) and (3.9), where v2, r˙, r are the
ADM variables v2A, r˙A, rA respectively. For example, the Newtonian part of (dE/dt)O will
be 8
15
G3 m2 µ2
c5 r4
A
{12v2A − 11r˙2A}. The ‘Corrections’ represent the differences at the 2PN order,
that arise due to the change of the coordinate system, given by Eqs. (4.6). As the two
coordinates are different at the 2PN order, the ‘Corrections’ come only from the leading
Newtonian terms in Eqs. (3.5) and (3.9).
(
dE
dt
)
A
=
(
dE
dt
)
O
− G
4m3µ2
15c9r5A
{[
(48 + 336η)v2A − (36 + 232η)r˙2A
] Gm
rA
+
[
360v4A − 1840v2Ar˙2A + 1424r˙4A
]
η
}
(4.7a)
(
dJ
dt
)
A
=
(
dJ
dt
)
O
+
G3m2µ2(L˜N)A
5 c9r4A
{[
(4 + 68 η)v2A − (8 + 76η)
Gm
rA
+ (2 + 82η)r˙2A
]
Gm
rA
+(363v2Ar˙
2
A − 50v4A − 363r˙4A) η
}
(4.7b)
Note that all the variables on the r.h.s of Eqs. (4.7) are in the ADM coordinates. In the
circular limit energy and angular momentum fluxes are again related as in Eqs. (3.15), via
the corresponding ‘v2’ in the ADM coordinates given by
v2A =
Gm
rA
{
1− (3− η) Gm
c2 rA
+
1
8
(42− 5η + 8η2)G
2m2
c4 r2A
}
. (4.8)
From this point onwards, in this section, we work exclusively in the ADM gauge and
hence we drop the subscript ‘A’ for the ease of presentation. We now have all the ingredients
needed to calculate the 2PN corrections in < dE/dt > and < dJ /dt >. We explain in detail,
the procedure to compute < dE/dt > and only display the final expression for < dJ /dt >,
as the procedure is the same in both the cases. Starting from Eqs. (4.7), (3.5), and (3.9)
which give the far zone fluxes as functions of v2 , r˙2 , and Gm/r, we use the 2PN accurate
orbital representation, to rewrite dE/dt as a polynomial in (1− er cos u)−1. This polynomial
is of the form
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dE
dt
=
du
ndt
8∑
N=2
αN(E, h)
(1− er cosu)(N+1) , (4.9)
where for the convenience we have factored out du/ndt given by
du
ndt
=
1
(1− er cosu)
{
1− E
c2
(8− 3η)
(
1− 1
(1− er cosu)
)
+
1
2 c4
[
E2
(
(56− 63η + 6η2)
− 1
E h2
(17− 11η)(1− 1
(1− er cosu))−
1
(1− er cosu)(184− 159η + 24η
2)
+
1
(1− er cosu)2 (68− 76η + 17η
2)− 2E h
2
(1− er cosu)3 η(4 + η)
)
+
3
h
(−2E)3/2(5− 2η)
]}
. (4.10)
It is a straightforward algebra to show that the coefficients αN(E, h) in Eq. (4.9) take the
form
αN(E, h) =
η2
Gc5
(−E)5βN(E, h) , (4.11)
where βN(E, h) for N = 1, 2, . . . 8 are given by
β2 = −256
15
+
1
105 c2
(298 24− 154 88η)E + 1
c4
{
− 1
315
(791 168− 874 624 + 179456η2)E2
+
128
5
(17− 11η)E
h2
+
1
5
(640− 256η)(−2E)
3
2
h
}
, (4.12a)
β3 =
512
15
− 1
35 c2
(263 68− 19968η)E + 1
c4
{[
2716928
315
− 13040896
945
η +
538496
135
η2
]
E2
−896
15
(17− 11η)E
h2
− 1
5
(1280− 512η)(−2E)
3
2
h
}
, (4.12b)
β4 = −5632
15
Eh2 +
1
c2
{
1
7
(1024− 3072η)E + 512
105
(1729− 930η)E2 h2
}
+
1
c4
{
(
46840064
2835
+
3537664
945
η − 2315648
315
η2)E2
−128
105
(86403− 89968η + 20923η2)E3h2 − 256
15
(17− 11η)E
h2
−1
5
(7040− 2816η)(−2E) 52h
}
, (4.12c)
β5 = − 512
105 c2
(3232− 1395η)E2 h2 + 1
c4
{
−
[
14200576
2835
− 38656
189
η − 219904
63
η2
]
E2
+
256
945
[
148 648 8− 1545569η + 343813η2
]
E3h2
}
, (4.12d)
β6 = − 512
35 c2
(687− 620η)E3h4 − 1
c4
{
256
945
[
1221526− 1333624η + 319739η2
]
E3h2
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−512
105
[
51396− 91541η + 27508η2
]
E4h4
}
, (4.12e)
β7 = − 512
945 c4
{
748 032− 1385005η + 387911η2
}
E4h4 , (4.12f)
β8 = − 4096
315 c4
{
2501− 202 34η + 8404η2
}
E5h6 . (4.12g)
To the 1PN order Eqs. (4.12) agree with Eqs. (4.15) of [46]. The far-zone energy flux
(dE/dt) is a periodic function of time with period P = 2π/n. Averaging (dE/dt), given by
Eqs. (4.9), (4.11) and (4.12) over one time period P, we obtain
<
dE
dt
>=
1
P
∫ P
0
dE
dt
(
t
)
dt =
1
2 π
∫ 2π
0
(
ndt
du
)
dE
dt
(
u
)
du . (4.13)
The integrals in Eq.(4.13) are the Laplace second integrals for the Legendre polynomials [63]
which yield,
1
2π
∫ 2π
0
du{
1− er cosu
}N+1 = 1
(1− e2r)
N+1
2
PN
(
1√
(1− e2r)
)
, (4.14)
where PN is Legendre polynomial. Using Eq. ( 4.14) in Eq. (4.13), we obtain < dE/dt > in
terms of E and er:
<
dE
dt
> =
1024
5
µ η
Gmc5
(−E)5
(1− e2r)
7
2
{
1 +
73
24
e2r +
37
96
e4r
+
1
168
(−E)
c2 (1− e2r)
[
13− 6414e2r −
274 05
4
e4r −
537 7
16
e6r
−
(
840 +
6419
2
e2r +
5103
8
e4r −
259
8
e6r
)
η
]
−(−E)
2
c4
[
1
16 (1− e2r)
5
2
(
(480− 192η) + (500− 200η)e2r − (2255− 902η)e4r
+(1090− 436η)e6r + (185− 74η)e8r
)
− 1
(1− e2r)2
(
253 937
4536
− 180 65
504
η + 10η2 −
(
879 749
4536
− 301 37
72
η − 1877
48
η2
)
e2r
−
(
513 337
6048
− 531 871
672
η +
1139
192
η2
)
e4r
+
(
249 479 5
8064
+
4823
128
η − 383
96
η2
)
e6r +
(
283 685
16128
− 131 47
2688
η +
37
192
η2
)
e8r
)]}
(4.15)
Following exactly a similar procedure, we obtain the 2PN correction to < dJ /dt >. The
final result we obtain is:
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<
dJ
dt
> =
4
5
µ η
c5
(−2E) 72
(1− e2r)3
{
8− e2r − 7e4r
− (−E)
168 c2
[
(292 0 + 705 6η) + (197 38 + 144 34 η) e2r + (127 + 133 0 η) e
4
r
]
−(−E)
2
c4
[
1
(1− e2r)
1
2
(
240− 96η − (30− 12η)e2r − (210− 84η)e4r
)
− 1
(1− e2r)
(
299 623
1134
− 220 25
252
η +
351
4
η2
−
(
131 627 3
864
− 815 597
336
η − 292 07
96
η2
)
e2r
−
(
290 113 3
6048
− 124 403
96
η − 718 7
48
η2
)
e4r +
(
7526
63
− 2869
224
η +
143 5
96
η2
)
e6r
)]}
(4.16)
To the 1PN order, Eqs. (4.15) and (4.16) agree with [46,48] as required. For the special
case of circular orbits, er = 0 and we observe that, < dE/dt >= ω < dJ /dt > to the 2PN
order, where ω, the mean angular frequency of the relative motion, defined by ω = n(1 + k)
is given by
ω =
(−2E) 32
Gm
{
1− 1
4 c2
(9 + η)E +
1
32 c4
(2811− 1170η + 11η2)E2
}
(4.17)
It is not very difficult to trace the origin of the two types of terms in Eqs. (4.15) and
(4.16) at the 2PN order. It is related to the fact that ‘Corrections’ in Eqs. (4.7), arising
from the transformation equations connecting the harmonic and the ADM coordinates have
a different functional form than the 2PN contributions to the corresponding far-zone fluxes
in the harmonic coordinates. For example, in the far-zone energy flux, ‘Corrections’ contain
a common factor (G4m3/r5), unlike the 2PN contributions in harmonic coordinates which
have only (G3m2/r4) as the common factor (c.f Eqs. (3.5) and (4.7)). These different
functional forms, after the averaging procedure give rise to the two different types of terms
in Eqs. (4.15) and (4.16).
We display below < dE/dt > and < dJ /dt > in terms of Gm/ar and er, which can
easily be obtained from Eqs. (4.15) and (4.16), using E written in terms of Gm/ar and er
to the 2PN order. The required equation for E is obtained from Eqs.(4.3) for ar and er by
inverting them for E and h2 respectively order by order. Eliminating h2 from the expression
for E we finally get,
E = −c
2
2
ζ
{
1− 1
4
(7− η)ζ + 1
8
[
(25− 2η + η2)− 2 (17− 11η)
(1− e2r)
]
ζ2
}
, (4.18)
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where ζ = Gm/c2ar. Using the above expression for E, Eq. (4.15) becomes
<
dE
dt
> =
1
15
c5
G
η2
ζ5
(1− e2r)
13
2
{[
(96 + 292e2r + 37e
4
r)(1− e2r)3
]
− 1
56
ζ(1− e2r)2
[
(468 32 + 672 0η) + (198 664 + 376 32η)e2r
−(153 30− 280 56η)e4r − (127 53− 207 2η)e6r
]
+ζ2
[
1
6048
(1− e2r)
(
(224 053 12 + 122 492 16η)
+(912 416 00 + 973 409 76η + 290 304η2)e2r
−(977 677 44− 731 619 00η − 239 500 8η2)e4r
−(757 105 2 + 606 592 8η− 280 627 2η2)e6r
+(680 528 7− 148 921 2η + 223 776η2)e8r
)
−3
2
(1− e2r)
5
2
(
(96 + 292e2r + 37e
4
r)(5− 2η)
)]}
(4.19)
while Eq. (4.16) gets transformed to,
<
dJ
dt
> =
4
5
µ ηc2
ζ
7
2
(1− e2r)4
{
(8 + 7e2r)(1− e2r)2
− 1
336
ζ(1− e2r)
[
(193 84 + 470 4η) + (176 80 + 147 28η)e2r
−(142 79− 338 8η)e4r
]
+ζ2
[
1
181 44
(
(381 349 6 + 314 114 4η + 725 76η2)
−(346 264 8− 137 197 26η− 815 724η2)e2r
−(112 754 91− 786 483η − 139 784 4η2)e4r
+(357 872 4− 121 329 9η + 238 896η2)e6r
)
−3
2
(1− e2r)
3
2 (5− 2η) (8 + 7e2r)
]}
. (4.20)
We observe that in the test particle limit ( η → 0) and for small radial eccentricities,
Eqs. (4.19) and (4.20) become
<
dE
dt
>η=0 =
32
5
c5
G
µ2
m2
ζ5
{
1− 292 7
336
ζ +
282 043
907 2
ζ2
+
[
157
24
− 639 7
84
ζ +
273 523
864
ζ2
]
e2r
}
, (4.21a)
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<
dJ
dt
>η=0 =
32
5
µ2
m
c2 ζ
7
2
{
1− 2423
336
ζ +
340 607
181 44
ζ2
+
[
23
8
− 947 9
336
ζ +
101 464 7
181 44
ζ2
]
e2r
}
. (4.21b)
Such expressions for average energy and angular momentum fluxes for a test particle moving
in a slightly eccentric orbit around a Schwarzschild black hole have been obtained by Tagoshi
[24], using the black hole perturbation methods: Eqs. (4.9) and (4.12) of [24] (with q = 0).
They are given by
<
dE
dt
> =
32
5
µ2
Gm2 c5
v10
{
1− 124 7
336
v2
c2
− 447 11
907 2
v4
c4
+
[
37
24
− 65
21
v2
c2
− 474 409
907 2
v4
c4
]
e2
}
, (4.22a)
<
dJ
dt
> =
32
5
µ2
mc5
v7
{
1− 124 7
336
v2
c2
− 447 11
907 2
v4
c4
+
[
−5
8
+
749
96
v2
c2
− 238 229
604 8
v4
c4
]
e2
}
, (4.22b)
where v and e refer to the radial velocity and the eccentricity in Schwarzschild coordinates.
Eqs. (4.21) and (4.22) are consistent, if the ADM variables ar and er are related to the
Schwarzschild variables v and e by
Gm
ar
= v2
{
1 +
v2
c2
+
5
4
v4
c4
−
[
1 +
v2
c2
− 3329
818
v4
c4
]
e2
}
, (4.23a)
e2r = e
2
{
1 + 2
v2
c2
+
1708
409
v4
c4
}
. (4.23b)
As stressed by Tagoshi, the fluxes reveal the more familiar coefficients in terms of a parameter
v′, related to the angular frequency in the φ coordinates rather than v, which is adapted to
the radial coordinate r. For slightly eccentric orbits, v and v′ are related by
v = v′
{
1 +
1
2
[
1− 3v
′2
c2
− 12v
′4
c4
]
e2
}
. (4.24)
In terms of v′ the far-zone fluxes for a test particle in Schwarzschild geometry, Eqs.( 4.22)
may be written as
<
dE
dt
> =
32
5
µ2
Gm2 c5
v′10
{
1− 124 7
336
v′2
c2
− 447 11
9072
v′4
c4
+e2
[
157
24
− 678 1
168
v′2
c2
− 151 18
189
v′4
c4
]}
, (4.25a)
<
dJ
dt
> =
32
5
µ2
mc5
v′7
{
1− 124 7
336
v′2
c2
− 447 11
9072
v′4
c4
+e2
[
23
8
− 325 9
168
v′2
c2
− 105 949 3
181 44
v′4
c4
]}
. (4.25b)
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In this form at the Newtonian order, one recovers the results of Peters and Mathews [42].
The quantities ar and er in the ADM coordinates are related to v
′ and e by the following
relations
Gm
ar
= v′2
{
1 +
1
c2
(1− 2e2) v′2 + 1
4 c4
(
5− 166 55
409
e2
)
v′4
}
, (4.26a)
e2r = e
2
{
1 + 2
v′2
c2
+
1708
409
v′4
c4
}
. (4.26b)
The above relations may be rewritten, in terms of the conserved energy E using [43]
v2 = −2E
{
1 + e2 − E
2 c2
(
3− e2
)
+
E2
c4
(
18 + 4 e2
)}
, (4.27a)
v′2 = −2E
{
1− E
2 c2
(
3 + 8 e2
)
+
E2
c4
(
18 + 52 e2
)}
. (4.27b)
We obtain
Gm
ar
= v′2
{
1− E
c2
(2− 4e2) + E
2
c4
(
8− 15837
409
e2
)}
, (4.28a)
e2r = e
2
{
1− 4E
c2
+
9286
409
E2
c4
}
, (4.28b)
which are the generalizations of similar 1PN relations in [48].
D. The evolution of the orbital elements
In this section, we compute the 2PN corrections to the evolution of orbital elements due
to the emission of gravitational radiation. We describe the procedure to compute the rate of
decrease of the orbital period of the binary in some detail and display the final expressions
for the rate of decay of other elements namely, < dar/dt > and < der/dt >. Employing the
heuristic argument, based on the energy and the angular momentum conservation to the
2PN order, the rate of decrease of the orbital period, P˙ of the two compact objects moving,
in quasi-elliptical orbits is computed. The 2PN accurate orbital period, P = 2π/n given in
[34–36] reads as
P =
2 πGm
(−2E) 32
{
1− 1
4c2
(15− η)E − 3
32 c4
[
(35 + 30η + 3η2)E2 − 16 (5− 2η)(−2E)
3
2
h
]}
(4.29)
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Differentiating Eq. (4.29) with respect to t and equating dE/dt to (− < dE/dt > /µ) and
dh/dt to (− < dJ /dt > /Gmµ) we find
P˙ =
6 πGm
(−2E) 52
{
1− 1
12 c2
(15− η)E + 1
32 c4
(35 + 30η + 3η2)E2
}
<
dE
dt
>
− 3 π
c4 h2
(5− 2η) < dJ
dt
> . (4.30)
Note that, in the above equation we need < dJ /dt > to the Newtonian accuracy only.
Using in Eq. (4.30), < dE/dt > given by Eq. (4.15) and the Newtonian part of Eq. (4.16)
for < dJ /dt >, we get
P˙ = −192
5
π η
ζ
5
2
(1− e2r)
7
2
{
1 +
73
24
e2r +
37
96
e4r
− 1
161 28
ζ
1
(1− e2r)
[
(598 56 + 309 12η) + (431 352 + 134 848η)e2r
+(168 210 + 556 08η)e4r − (717 9− 207 2η)e6r
]
+ζ2
1
(1− e2r)2
[
1
580 608
(
(763 955 2 + 607 737 6 η + 483 840 η2)
+(263 832 80 + 814 273 20η + 251 596 8η2)e2r
−(190 546 44− 825 636 06η− 170 553 6η2)e4r
−(145 177 2− 532 202 4η − 935 424η2)e6r
+(159 698 7− 193 374η + 745 92 η2)e8r
)
− 1
64
(5− 2η) (1− e2r)
3
2
(
64 + 296 e2r + 65 e
4
r
)]}
(4.31)
Finally inserting the expressions for e2r and Gm/ar in terms of E and h
2 in Eq. (4.31) we
obtain
P˙ = − π η
5 c5
1
(−E)h7
{
425 + 732Eh2 + 148E2h4 +
1
c2 h2
[
403 41
8
+
381 35
4
Eh2 +
722 37
14
E2h4
+
498 3
7
E3h6 −
(
5635
2
+
481 25
6
Eh2 + 535 4E2h4 +
140 6
3
E3h6
)
η
]
+
1
c4
[
1
672
(
291 982 55− 309 096 90η + 690 606 0η2
) 1
h4
+
1
432
(
293 418 53− 505 570 59η + 187 777 80η2
) E
h2
+
1
2
(637 5− 255 0η) (−2E)
3
2
h
+
1
252
(
864 965 0− 219 467 70 η + 137 502 75 η2
)
E2
32
− (319 5− 127 8η) (−2E) 52h + 1
84
(
166 451 5− 206 289 3η + 171 217 2η2
)
E3h2
+
1
2
(975− 390η) (−2E) 72h3 + 1
42
(
163 085− 693 68η + 445 48η2
)
E4h4
]}
. (4.32)
In the expression above, P˙ is given as a function of the masses and of the 2PN-conserved
energy and angular momentum. This expression for P˙ is independent of the coordinate
system used to derive it. Since P is a measurable quantity, one would have liked to express P˙
in terms of other directly observable parameters like the orbital period and some convenient
eccentricity as in the 1PN case [46]. However at present, to 2PN accuracy we do not have
any such suitable and convenient choice and therefore we leave the expression for P˙ in terms
of the 2PN accurate E and h2.
Similarly, using the definition of ar and er in terms of E and h
2 and following the method
described above, we obtain after a rather long but straightforward calculation
<
dar
dt
> = − 2
15
η c
ζ3
(1− e2r)
11
2
{
(1− e2r)2
(
96 + 292e2r + 37e
4
r
)
− 1
56
ζ(1− e2r)
[
(280 16 + 940 8η) + (160 248 + 431 20η)e2r +
(346 50 + 209 16η)e4r − (550 1− 103 6 η)e6r
]
+ζ2
1
(1− e2r)
11
2
[
1
604 8
(
(137 748 16 + 585 129 6η + 290 304η2)
+(428 878 40 + 874 684 80η + 188 395 2η2)e2r
−(396 797 28− 824 068 08η− 221 886 0η2)e4r
−(449 753 4− 103 086η − 123 832 8η2)e6r
+(262 800 9− 632 718η + 839 16η2)e8r
)
−3
2
(1− e2r)
3
2
(
(5− 2η)(96 + 292 e2r + 37 e4r
)]}
, (4.33)
<
der
dt
> = − 1
15
c3
G
η
m
ζ4 er
(1− e2r)
9
2
{
(304 + 121e2r)(1− e2r)2
− 1
56
ζ(1− e2r)
[
(133 640 + 374 08η) + (108 984 + 336 84η)e2r
−(252 11− 338 8η)e4r
]
+ζ2
[
1
201 6
(
(174 096 16 + 170 583 84η + 491 904η2)
−(120 536 4− 397 143 72η− 760 788η2)e2r
33
−(150 068 86− 224 584 2η− 560 952η2)e4r
+(384 043 5− 619 614η + 914 76η2)e6r
)
−3
2
(1− e2r)6 (304 + 121e2r) (5− 2η)
]}
. (4.34)
To 1PN accuracy we recover the results of [48]. For the special case of circular orbits
< dar/dt > takes the simple form
<
dar
dt
>= −64
5
ζ3 η c
{
1− ζ
[
1751
336
+
7
4
η
]
+ ζ2
[
294 383
181 44
+
263 65
201 6
η +
1
2
η2
]}
. (4.35)
Eq. (4.35) is consistent with the expression for r˙ given in in [55], after taking due account
of the coordinate transformations required to relate the ADM and the harmonic gauges for
the circular orbits.
V. THE 2PN CONTRIBUTION TO THE WAVEFORM
In this section, we compute the instantaneous part of the 2PN accurate gravitational
waveform i.e., the transverse - traceless (TT) part of the 2PN accurate far-zone field for two
compact objects of arbitrary mass ratio, moving in a general orbit. It is given by [16]:
(hTTkm)inst =
2G
c4R
Pijkm
{
I
(2)
ij +
1
c
[
1
3
NaI
(3)
ija +
4
3
εab(iJ
(2)
j)aNb
]
+
1
c2
[
1
12
NabI
(4)
ijab +
1
2
εab(iJ
(3)
j)acNbc
]
+
1
c3
[
1
60
NabcI
(5)
ijabc +
2
15
εab(iJ
(4)
j)acdNbcd
]
+
1
c4
[
1
360
NabcdI
(6)
ijabcd +
1
36
εab(iJ
(5)
j)acdeNbcde
]}
, (5.1)
where R is the Cartesian observer-source distance and Na’s are the components ofN = X/R,
the unit normal in the direction of the vector X, pointing from the source to the observer.
The transverse traceless projection operator projecting orthogonal to X, is given by
Pijkm(N) = (δik −NiNk)(δjm −NjNm)− 1
2
(δij −NiNj)(δkm −NkNm) . (5.2)
Evaluating the appropriate time derivatives of the multipole moments and performing the
relevant contractions with N as required by Eq. (5.1), some details of which are given in
Appendix A, we obtain
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(
hTTkm
)
inst
=
2Gµ
c4R
Pijkm
{
ξ
(0)
ij +
1
c
δm
m
ξ
(0.5)
ij
+
1
c2
ξ
(1)
ij +
1
c3
δm
m
ξ
(1.5)
ij +
1
c4
ξ
(2)
ij
}
, (5.3)
where the various ξij’s are given by
ξ
(0)
ij = 2
(
vij − Gm
r
nij
)
, (5.4a)
ξ
(0.5)
ij =
{
3(N.n)
Gm
r
[
2n(ivj) − r˙nij
]
+ (N.v)
[
Gm
r
nij − 2vij
]}
, (5.4b)
ξ
(1)
ij =
1
3
{
(1− 3η)
[
(N.n)2
Gm
r
((
3v2 − 15r˙2 + 7Gm
r
)
nij + 30r˙n(ivj) − 14vij
)
+(N.n)(N.v)
Gm
r
[
12r˙nij − 32n(ivj)
]
+ (N.v)2
[
6vij − 2Gm
r
nij
]]
+
[
3(1− 3η)v2 − 2(2− 3η)Gm
r
]
vij + 4
Gm
r
r˙(5 + 3η)n(ivj)
+
Gm
r
[
3(1− 3η)r˙2 − (10 + 3η)v2 + 29Gm
r
]
nij
}
, (5.4c)
ξ
(1.5)
ij =
1
12
(1− 2η)
{
(N.n)3
Gm
r
[(
45v2 − 105b2 + 90Gm
r
)
r˙nij − 96r˙vij
−
(
42v2 − 210r˙2 + 88Gm
r
)
n(ivj)
]
−(N.n)2(N.v) Gm
r
[(
27v2 − 135r˙2 + 84Gm
r
)
nij + 336r˙n(ivj) − 172vij
]
−(N.n)(N.v)2Gm
r
[
48r˙nij − 184n(ivj)
]
+ (N.v)3
[
4
Gm
r
nij − 24vij
]}
− 1
12
(N.n)
Gm
r
{[
(69− 66η)v2 − (15− 90η)r˙2 − (242− 24η)Gm
r
]
r˙nij
−
[
(66− 36η)v2 + (138 + 84η)r˙2
−(256− 72η)Gm
r
]
n(ivj) + (192 + 12η)r˙vij
}
+
1
12
(N.v)
{[
(23− 10η)v2 − (9− 18η)r˙2 − (104− 12η)Gm
r
]
Gm
r
nij
− (88 + 40η) Gm
r
r˙n(ivj) −
[
(12− 60η)v2 − (20− 52η)Gm
r
]
vij
}
, (5.4d)
ξ
(2)
ij =
1
120
(1− 5η + 5η2)
{
240 (N.v)4vij − (N.n)4
Gm
r
[(
90v4 + (318
Gm
r
− 1260r˙2)v2 + 344G
2m2
r2
+ 1890r˙4
−2310Gm
r
r˙2
)
nij
+
(
1620v2 + 3000
Gm
r
− 3780r˙2
)
r˙n(ivj) −
(
336v2 − 1680r˙2 + 688Gm
r
)
vij
]
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−(N.n)3(N.v)Gm
r
[(
1440v2 − 3360r˙2 + 3600Gm
r
)
r˙nij
−
(
1608v2 − 8040r˙2 + 3864Gm
r
)
n(ivj) − 3960r˙vij
]
+120(N.v)3(N.n)
Gm
r
(
3r˙nij − 20n(ivj)
)
+(N.n)2(N.v)2
Gm
r
[(
396v2 − 1980r˙2 + 1668Gm
r
)
nij + 6480r˙n(ivj)
−3600vij
]}
− 1
30
(N.v)2
{[
(87− 315η + 145η2)v2 − (135− 465η + 75η2)r˙2
−(289− 905η + 115η2)Gm
r
]
Gm
r
nij
−
(
240− 660η − 240η2
)
r˙n(ivj)
−
[
(30− 270η + 630η2)v2 − 60(1− 6η + 10η2)Gm
r
]
vij
}
+
1
30
(N.n)(N.v)
Gm
r
{[
(270− 1140η + 1170η2)v2
−(60 − 450η + 900η2)r˙2 − (1270− 3920η + 360η2)Gm
r
]
r˙nij
−
[
(186− 810η + 1450η2)v2 + (990− 2910η − 930η2)r˙2
−(1242− 4170η + 1930η2)Gm
r
]
n(ivj)
+
[
1230− 3810η − 90η2
]
r˙vij
}
+
1
60
(N.n)2
Gm
r
{[
(117− 480η + 540η2)v4 − (630− 2850η + 4050η2)v2r˙2
−(125− 740η + 900η2)Gm
r
v2
+(105− 1050η + 3150η2)r˙4 + (2715− 8580η + 1260η2)Gm
r
r˙2
−(1048− 3120η + 240η2)G
2m2
r2
]
nij
+
[
(216− 1380η + 4320η2)v2 + (1260− 3300η − 3600η2)r˙2
−(3952− 12860η + 3660η2)Gm
r
]
r˙ n(ivj)
−
[
(12− 180η + 1160η2)v2 + (1260− 3840η − 780η2)r˙2
−(664− 2360η + 1700η2)Gm
r
]
vij
}
− 1
60
{[
(66− 15η − 125η2)v4
+(90− 180η − 480η2)v2r˙2 − (389 + 1030η − 110η2)Gm
r
v2
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+(45− 225η + 225η2)r˙4 + (915− 1440η + 720η2)Gm
r
r˙2
+(1284 + 1090η)
G2m2
r2
]
Gm
r
nij
−
[
(132 + 540η − 580η2)v2 + (300− 1140η + 300η2)r˙2
+(856 + 400η + 700η2)
Gm
r
]
Gm
r
r˙ n(ivj)
−
[
(45− 315η + 585η2)v4 + (354− 210η − 550η2) Gm
r
v2
−(270− 30η + 270η2)Gm
r
r˙2
−(638 + 1400η − 130η2) G
2m2
r2
]
vij
}
. (5.4e)
The “tail” contribution reads
(hTTkm)tail =
2G
c4R
2Gm
c3
Pijkm
∫ +∞
0
dτ
{
ln
(
τ
2b1
)
I
(4)
ij (TR − τ)
+
1
3c
ln
(
τ
2b2
)
NaI
(5)
ija(TR − τ)
+
4
3c
ln
(
τ
2b3
)
εab(iNbJ
(4)
j)a(TR − τ)
}
, (5.5)
where we have used for simplicity the notation
b1 ≡ b e−11/12 , b2 ≡ b e−97/60 , b3 ≡ b e−7/6 . (5.6)
We do not discuss the “tail” terms in this paper. Some details of these tail terms may be
found in [16,18].
The first check on the above waveform is its circular limit, which matches with the
wave form computed earlier in [16]. The next check of the waveform in the general case is
performed by computing the far-zone energy flux using
dE
dt
=
c3R2
32πG
∫ (
h˙TTkmh˙
TT
km
)
dΩ(N). (5.7)
The expression for dE/dt thus obtained is identical to the far-zone energy flux directly ob-
tained from multipole moments Eq. (3.5). Of course, these checks do not uniquely fix the
expressions in Eq. (5.4) and equivalent expressions are possible leading to the same trans-
verse traceless parts as discussed below.
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The above expressions for the waveform, computed using STF multipole moments differ
from the corresponding expressions obtained by Will and Wiseman (Eqs. (6.10), (6.11) of
[18]), using the Epstein-Wagoner multipole moments at 1.5PN and 2PN orders. Though
the two expressions are totally different looking at these orders, even in the circular limit,
it is possible to show that they are equivalent. The equivalence is established by showing
that the difference between the two expressions, at 1.5PN and 2PN orders has a vanishing
transverse-traceless, (TT) part. The easiest way of verifying this is to show that the ‘plus’
and ‘cross’ polarizations of the difference in the two expressions vanish at 1.5PN and 2PN
orders [64]. In appendix B, we present the difference – at 1.5PN and 2PN orders –, between
our waveform expression computed directly using the STF multipoles and the Will-Wiseman
one computed using the EW multipoles and verify their equivalence. Finally we note that
the statement in the appendix E of [18] should more precisely read that, STF multipole
moments presented there yield an expression for the waveform equivalent to Eqs. (6.10) and
(6.11) of [18], and not identical to it [64].
VI. CONCLUSION
In this paper using the BDI approach, we have computed the 2PN contributions to the
mass quadrupole moment for two compact objects of arbitrary mass ratio moving in general
orbits. Using this moment we have computed the 2PN contributions to the gravitational
waveform and the associated energy and angular momentum fluxes. These expressions have
already proved useful in the computation of the 2PN radiation reaction, i.e the 4.5PN terms
in the equations of motion [55], using the refined balance method proposed by Iyer and Will
[56,57]. Work is in progress [65] to obtain the higher order corrections to the far-zone linear
momentum flux from the gravitational waveform presented here, extending the treatment
of Wiseman [66]. It should be noted that 2PN corrections to the linear momentum flux can
be computed only if one knows hTTjk to 2.5PN accuracy. Using the 2PN accurate generalized
quasi-Keplerian representation for elliptic orbits, we have computed here the instantaneous
2PN contributions to < dE/dt > and < dJ /dt >, the fluxes averaged over one orbital
timescale. This is used to compute the evolution of the orbital elements, in particular P˙ ,
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e˙r and a˙r. The method employed to compute < dE/dt > and < dJ /dt > could also be
adapted to the case of hyperbolic orbits to generalize the work of Simone, Poisson and Will
on the head-on collision [60].
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APPENDIX A: STF TENSORS AND FORMULAS FOR THE WAVEFORM
COMPUTATIONS
We present details of the scheme, employed to compute the contributions to hjk from
various multipole moments, as required by Eqs. (5.1), (5.3) and (5.4). Our scheme proceeds
in steps. In the first step, we write down schematically, the form of the desired time derivative
of the STF multipole moment, using the compact notation {}, introduced by Blanchet and
Damour [12]. Here {} denotes unnormalised minimum number of terms, required to make
the expression symmetric in all the indicated indices. The second step involves peeling, where
by observation and counting, we rewrite the expression obtained in the step 1, as STF on
the free indices – i and j in our case –. In Step 3, we contract, the final expression of step
2 with appropriate number of N’s as required by Eq. (5.1). The actual evaluation of the
result of step 3 is performed on Maple [53]. In all the formulae, SL, denotes the symmetric
version of the object under consideration; e.g. SL = I
(n)
(L) if the object is I
(n)
L and SL = J
(m)
(L)
if the object is J
(m)
L ; – the object in the formula is obvious from the context.
The unnormalized symmetric blocks .
δ{ijSa} = δij Sa + δia Sj + δja Si , (A1a)
δ{ijSab} = δijSab + δiaSjb + δibSaj +
δjaSib + δjbSai + δabSij , (A1b)
δ{ijδab} = δijδab + δiaδjb + δibδaj , (A1c)
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δ{ijSabc} = δijSabc + δiaSjbc + δibSajc + δicSabj
+δjaSibc + δjbSaic + δjcSabi
+δabSijc + δacSibj + δbcSaij , (A1d)
δ{ijδabSc} =
{[
δjaδbc + δjbδac + δjcδab
]
Si
+
[
δiaδbc + δibδac + δicδab
]
Sj
+
[
δijδbc + δibδjc + δicδbj
]
Sa
+
[
δijδac + δiaδjc + δicδja
]
Sb
+
[
δijδab + δiaδjb + δibδja
]
Sc
}
, (A1e)
δ{ijSabcd} =
{
δijSabcd + δiaSjbcd + δibSajcd + δicSabjd
+δidSabcj + δjaSibcd + δjbSaicd + δjcSabid
+δjdSabci + δabSijcd + δacSbdij + δadSbcij
+δbcSadij + δbdSacij + δcdSabij
}
, (A1f)
δ{ijδabScd} =
{[
δijδab + δiaδjb + δibδaj
]
Scd +
[
δijδac + δiaδjc + δicδaj
]
Sbd
+
[
δijδdc + δicδjb + δibδjc
]
Sad +
[
δicδab + δiaδcb + δibδac
]
Sjd
+
[
δcjδab + δcaδjb + δcbδaj
]
Sid +
[
δijδad + δiaδjd + δidδaj
]
Scb
+
[
δijδdb + δidδjb + δibδdj
]
Sca +
[
δidδab + δiaδdb + δibδad
]
Scj
+
[
δdjδab + δdaδjb + δdbδaj
]
Sci +
[
δijδcd + δicδjd + δidδcj
]
Sab
+
[
δaiδcd + δicδad + δidδac
]
Sjb +
[
δajδcd + δcaδjd + δadδcj
]
Sib
+
[
δibδcd + δicδdb + δidδbc
]
Saj +
[
δbjδcd + δbdδjc + δjdδbc
]
Sai
+
[
δcdδab + δcaδdb + δcbδad
]
Sji
}
, (A1g)
δ{ijδabδcd} =
{[
δijδab + δiaδjb + δibδja
]
δcd + [δijδac + δiaδjc + δicδja
]
δbd
+[δijδcb + δicδjb + δibδjc
]
δad + [δicδab + δiaδcb + δibδca
]
δjd
+[δcjδab + δcaδjb + δcbδja
]
δid
}
. (A1h)
The STF tensors.
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STFija(Iija) = Sija − 1
5
δ{ijSa}tt , (A2a)
STFijab(Iijab) = Sijab − 1
7
δ{ijSab}tt +
1
35
δ{ijδab}Ssstt , (A2b)
STFijabc(Iijabc) = Sijabc − 1
9
δ{ijSabc}tt +
1
63
δ{ijδabSc}sstt , (A2c)
STFijabcd(Iijabcd) = Sijabcd − 1
11
δ{ijSabcd}pp +
1
99
δ{ijδabScd}ttqq
− 1
693
δ{ijδabδcd}Sppqqtt . (A2d)
The ‘Peeling’.
STFija(Iija) = STFij
{
Sija − 2
5
δiaSjtt
}
, (A3a)
STFijab(Iijab) = STFij
{
Sijab − 1
7
[
2δiaSjbtt + 2δibSjatt + δbaSjitt
]
+
2
35
[
δiaδjbSttss
]}
, (A3b)
STFijabc(Iijabc) = STFij
{
Sijabc − 1
9
[
2
(
δiaSjbcpp + δibSjacpp + δicSabjpp
)
+
(
δabSijcpp + δacSijbpp + δbcSijapp
)]
+
2
63
[(
δjaδbc + δjbδac + δjcδab
)
Sippqq
+
(
δibδjcSappqq + δiaδjcSbppqq + δiaδjbScppqq
)]}
, (A3c)
STFijabcd(Iijabcd) = STFij
{
Sijabcd − 1
11
[
2
(
δiaSjbcdpp + δibSjacdpp + δicSabjdpp + δidSabcjpp
)
+
(
δadSbcijpp + δabSdcijpp
+δacSbdijpp + δbcSadijpp + δbdSacijpp + δcdSbaijpp
)]
+
1
99
[
2
(
δiaδjbScdppqq + δiaδjcSbdppqq +
δicδjbSadppqq + δiaδjdScbppqq +
δidδjbSacppqq + δicδjdSbappqq
)
+2
(
δicδab + δiaδcb + δibδca
)
Sjdppqq + 2
(
δidδab + δiaδdb + δibδda
)
Sjcppqq
+2
(
δiaδcd + δicδda + δidδca
)
Sjbppqq + 2
(
δibδcd + δicδdb + δidδbc
)
Sjappqq
+
(
δcdδab + δcaδdb + δdaδcb
)
Sjippqq
]
− 2
693
[(
δiaδjbδcd + δiaδjcδbd
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+δicδjbδad
)
+
(
δicδab + δiaδcb + δibδac
)
δjd
]
Sppqqtt
}
. (A3d)
The contractions with NL
STFija(I
(3)
ija)Na = STFij
{
S
(3)
ijaNa −
2
5
NiS
(3)
jtt
}
, (A4a)
STFijab(I
(4)
ijab)Nab = STFij
{
S
(4)
ijabNab −
1
7
[
4NiaS
(4)
jatt + S
(4)
ijtt
]
+
2
35
NijS
(4)
ttss
}
, (A4b)
STFijabc(I
(5)
ijabc)Nabc = STFij
{
S
(5)
ijabcNabc −
6
9
NibcS
(5)
jbcpp −
1
3
S
(5)
ijcppNc +
6
63
S
(5)
ippqqNj +
6
63
NijaS
(5)
appqq
}
, (A4c)
STFijabcd(I
(6)
ijabcd)Nabcd = STFij
{
S
(6)
ijabcdNabcd −
8
11
Nibcd S
(6)
jbcdpp −
6
11
S
(6)
ijcdppNcd
+
12
99
Nijcd S
(6)
cdppqq +
24
99
Nid S
(6)
jdppqq +
3
99
S
(6)
ijppqq
− 12
693
Nij S
(6)
ppqqtt
}
. (A4d)
The current multipole moments.
ǫpq(iJˆj)pL = STFij
{
ǫpqiJˆjpL
}
ǫpq(iJˆ
(2)
j)p Nq = STFij
{
ǫpqiS
(2)
jp Nq
}
, (A5a)
ǫpq(iJˆ
(3)
j)paNqa = STFij
{
ǫpqi
[
S
(3)
jpaNqa −
1
5
S
(3)
ptt Nqj
]}
, (A5b)
ǫpq(iJˆ
(4)
j)pabNqab = STFij
{
ǫpqi
[
S
(4)
jpabNqab −
1
7
(
2S
(4)
pbttNqjb + S
(4)
pjttNq
)]}
, (A5c)
ǫpq(iJˆ
(5)
j)pabcNqabc = STFij
{
ǫpqi
[
S
(5)
jpabcNqabc −
1
3
(
S
(5)
pbcttNqjbc + S
(5)
jpcttNqc
)
+
1
21
(
S
(5)
pttvvNqj
)]}
. (A5d)
The explicit computations of the above equations require the following identities, which are
easily derived, using the rules governing the product of ǫ’s. The identities are
STFij
{
ǫpqiNqyjL˜p
}
= STFij
{
−(N.v)yij + (N.n)r yivj
}
, (A6a)
STFij
{
ǫpqiNqvjL˜p
}
= STFij
{
−(N.v)yivj + (N.n) r vij
}
, (A6b)
STFij
{
ǫpqiNqjL˜p
}
= STFij
{
(N.n) r Nivj − (N.v) yiNj
}
, (A6c)
STFij
{
ǫpqiNqypL˜j
}
= STFij
{
−(N.v) yij + (N.n) r yivj + (rr˙)Niyj − r2Nivj
}
, (A6d)
STFij
{
ǫpqiNqvpL˜j
}
= STFij
{
(N.n) r vij − (N.v)yivj − rr˙ Nivj + v2Niyj
}
, (A6e)
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STFij
{
ǫpqiNqjvp(L˜.N)
}
= STFij
{
[v2 − (N.v)2]Niyj + [(N.n)(N.v)− r˙]rNivj
+[r˙(N.v)− v2(N.n)]rNij
}
, (A6f)
STFij
{
ǫpqiNqjyp(L˜.N)
}
= STFij
{
[r˙ − (N.n)(N.v)]rNiyj + [(N.n)2 − 1]r2Nivj +
[(N.v)− r˙(N.n)]r2Nij
}
, (A6g)
STFij
{
ǫpqiNqyjp(L˜.N)
}
= STFij
{
[r˙ − (N.n)(N.v)]ryij + [(N.n)2 − 1]r2yivj +
[(N.v)− r˙(N.n)]r2Niyj
}
, (A6h)
STFij
{
ǫpqiNqyjvp(L˜.N)
}
= STFij
{
[v2 − (N.v)2]yij + [(N.n)(N.v)− r˙]ryivj
+[r˙(N.v)− v2 (N.n)]rNiyj
}
, (A6i)
STFij
{
ǫpqiNqypvj(L˜.N)
}
= STFij
{
[r˙ − (N.n)(N.v)] r yivj + [(N.n)2 − 1] r2 vij
+[(N.v)− r˙ (N.n)]r2Nivj
}
, (A6j)
STFij
{
ǫpqiNqvjp(L˜.N)
}
= STFij
{
[v2 − (N.v)2]yivj + [(N.n)(N.v)− r˙]rvij
+[r˙(N.v)− v2(N.n)]rNivj
}
, (A6k)
where L˜p = ǫpkl yk vl.
APPENDIX B: THE EQUIVALENCE TO WILL-WISEMAN WAVEFORM
The expression for the gravitational waveform, obtained by Will and Wiseman [18] differs
from our waveform expression at the 1.5PN and the 2PN orders. We give below the difference
in the waveform expressions at these orders and show that the two polarization states, h+
and h× of the difference are zero at 1.5PN and 2PN orders.
{(hTTkm)(1.5)BDI − (hTTkm)(1.5)WW} =
1
3 c3
Pijkm δm
m
Gm
r
(1− 2η)
{
3 (N.n)3r˙vij
−(N.v)(N.n)2
[
vij + 6r˙n(ivj)
]
+(N.n)(N.v)2
[
2n(ivj) + 3 r˙ nij
]
−(N.v)3nij + 3 (N.n)r˙
[
v2nij + vij − 2 r˙ n(ivj)
]
+(N.v)
[
v2nij + vij − 2r˙n(ivj)
]}
, (B1a)
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{(hTTkm)(2)BDI − (hTTkm)(2)WW} =
1
15 c4
PijkmGm
r
{
(1− 5η + 5η2)
[
12(N.v)4nij
−3 (N.n)4
(
3v2 − 15r˙2 + Gm
r
)
vij
+6(N.n)3(N.v)
([
3v2 − 15r˙2 + Gm
r
]
n(ivj) − 9r˙vij
)
−6(N.n)(N.v)3
(
9r˙nij + 4n(ivj)
)
−3(N.n)2(N.v)2
([
3v2 − 15r˙2 + Gm
r
]
nij − 36r˙n(ivj) − 4vij
]
−(N.v)2
[(
(51− 185η + 55η2)v2 − (117− 375η − 15η2)r˙2
−(39− 125η − 5η2) Gm
r
)
nij
−24
(
1− 5η + 5η2
)
r˙n(ivj) + 12
(
1− 5η + 5η2
)
vij
]
+2 (N.v) (N.n)
[
27
(
1− 5η + 5η2
)
r˙ v2 nij
+
(
(39− 125η − 5 η2)[v2 − Gm
r
]
−(171− 645η + 255 η2)r˙2
)
n(ivj) + 27
(
1− 5η + 5η2
)
r˙ vij
]
−(N.n)2
[
(1− 5η + 5η2)
(
−9 v4 + 45r˙2v2
−3 v2 Gm
r
)
(nij − 2 r˙ n(ivj))
+
(
(30− 80η − 50 η2)v2 − (72− 150η − 240 η2)r˙2
−(42− 140η + 10 η2)Gm
r
)
vij
]
−
[(
(39− 125 η − 5 η2) (Gm
r
− v2) + (117− 375η − 15 η2) r˙2
)
(
v2 nij − 2 r˙ n(ivj) + vij
)]}
. (B1b)
The two independent polarization states of the gravitational wave h+ and h× are given
by h+ =
1
2
(
pi pj − qi qj
)
hTTij and h× =
1
2
(
pi qj + pj qi
)
hTTij , where p and q are the two
polarization vectors, forming along with N an orthogonal triad [16,67,18]. Note that there
is no need to apply the TT projection before contracting on p and q. Consequently, we
write the difference in the waveform at the 1.5PN and the 2PN orders as
{(hTTij )WW − (hTTij )BDI} = ζ1 vij + ζ2 nij + ζ3 n(ivj) . (B2)
The polarization states h+ and h×, for Eqs. (B2) are given by,
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h+ =
1
2
(
pi pj − qi qj
)(
ζ1 vij + ζ2 nij + ζ3 n(ivj)
)
,
=
ζ1
2
(
(p.v)2 − (q.v)2
)
+
ζ2
2
(
(p.n)2 − (q.n)2
)
+
ζ3
2
(
(p.n)(p.v)− (q.n)(q.v)
)
, (B3a)
h× =
1
2
(
pi qj + pj qi
)(
ζ1 vij + ζ2 nij + ζ3 n(ivj)
)
= ζ1 (p.v) (q.v) + ζ2 (p.n) (q.n) +
ζ3
2
(
(p.n) (q.v) + (p.v) (q.n)
)
(B3b)
For the explicit computation of Eqs. (B3), we use the standard convention adopted in
[16,67,18], which gives, p = (0, 1, 0), q = (− cos i, 0, sin i), N = (sin i, 0, cos i),
n = (cos φ, sinφ, 0), and v = (r˙ cosφ− r ω sin φ, r˙ sin φ+ r ω cos φ, 0),
where n and v are the unit separation vector, and the velocity vector respectively, φ is the
orbital phase angle, such that the orbital angular velocity ω = dφ/dt and ‘i’ is the inclination
angle of the source.
A straightforward but lengthy computation shows that h+ and h×, given by Eqs. (B3)
vanish, both at the 1.5PN and the 2PN orders. This establishes the equivalence of our
waveform expression, Eqs. (5.3) and (5.4) with the WW one given by Eqs. (6.10) and (6.11)
of [18].
45
REFERENCES
[1] A. Abramovici, W. E. Althouse, R. W. P. Drever, Y. Gu¨rsel, S. Kawamura, F. J. Raab,
D. Shoemaker, L. Sievers, R. E. Spero, K. S. Thorne, R. E. Vogt, R. Weiss, S. E.
Whitcomb, and M. E. Zucker, Science 256, 325 (1992).
[2] C. Bradaschia, E. Calloni, M. Cobal, R. Del Fasbro, A. Di Virgilio, A. Giazotto L.E.
Holloway, H. Kautzky, B. Michelozzi, V. Montelatici, D. Pascuello, and W. Velloso, in
Gravitation 1990, Proceedings of the Banff Summer Institute, edited by R. Mann and
P. Wesson (World Scientific, Singapore, 1991).
[3] K. S. Thorne, in 300 Years of Gravitation, edited by S. W. Hawking and W. Israel
(Cambridge University Press, Cambridge, 1987), p. 330.
[4] B. F. Schutz, in The Detection of Gravitational Waves, edited by D. G. Blair (Cambridge
University Press, Cambridge, 1991), p. 406.
[5] C. Cutler, T. A. Apostolatos, L. Bildsten, L. S. Finn, E´. E. Flanagan, D. Kennefick, D.
M. Markovic´, A. Ori, E. Poisson, G. J. Sussman, and K. S. Thorne, Phys. Rev. Lett.
70, 2984 (1993).
[6] L. S. Finn and D. F. Chernoff Phys. Rev. D 47, 2198 (1993).
[7] C. Cutler and E´. E. Flanagan, Phys. Rev. D 49, 2658 (1994).
[8] R. Balasubramanian, B. S. Sathyaprakash and S. V. Dhurandhar, Phys. Rev. D 53,
3033 (1996).
[9] A. Einstein, Preuss. Akad. Wiss. Berlin Sitzber. 688 (1916).
[10] V. Fock, The Theory of Space, Time and Gravitation ( Macmillan, New York, 1964).
[11] L. D. Landau and E. M. Lifschitz, Teoriya Polya ( Nauka, Moskow, 1941 )
[12] L. Blanchet and T. Damour, Phil. Trans. R. Soc. London A 320, 379 (1986); L. Blanchet,
Proc. R. Soc. Lond. A 409, 383 (1987); L. Blanchet and T. Damour, Phys. Rev. D 37,
1410 (1988); Ann. Inst. H. Poincare´ (Phys. The´orique) 50, 377 (1989); T. Damour and
B. R. Iyer, Ann. Inst. H. Poincare´ (Phys. The´orique) 54, 115 (1991); Phys. Rev. D 43,
46
3259 (1991); L. Blanchet and T. Damour, Phys. Rev. D 46, 4304 (1992); T. Damour
and B. R. Iyer,Class. Quantum Gr. 11, 1353, (1994); L. Blanchet, Phys. Rev. D 51,
2559 (1995); L. Blanchet, T. Damour, and B. R. Iyer, Phys. Rev. D 51, 5360 (1995); L.
Blanchet, Phys. Rev. D 54, 1417 (1996).
[13] R. Epstein and R. V. Wagoner, Astrophys. J. 197, 717 (1975); A. G. Wiseman, Phys.
Rev. D 46, 1517 (1992); C. M. Will and A. G. Wiseman, Phys. Rev. D 54, 4813 (1996).
[14] W. B. Bonnor, Phil. Trans. R. Soc. Lon. A, 251, 233, (1959).
[15] L. Blanchet, Phys. Rev. D 51, 2559 (1995)
[16] L. Blanchet, T. Damour, and B. R. Iyer, Phys. Rev. D 51, 5360 (1995).
[17] L. Blanchet, Phys. Rev. D 54, 1417 (1996)
[18] C. M. Will and A. G. Wiseman, Phys. Rev. D 54, 4813 (1996).
[19] E. Poisson, Phys. Rev. D 48, 1860 (1993).
[20] C. Cutler, L. S. Finn, E. Poisson, and G. J. Sussmann, Phy. Rev. D47, 1151 (1993).
[21] H. Tagoshi and T. Nakamura, Phys. Rev. D 49 4016 (1994).
[22] H. Tagoshi and M. Sasaki, Prog. Theor. Phys. 92, 745 (1994).
[23] M. Shibata, M. Sasaki, H. Tagoshi and T. Tanaka, Phys. Rev. D 51, 1646 (1995).
[24] H. Tagoshi, Prog. Theor. Phys. 93, 307, (1995)
[25] H. Tagoshi, M. Shibata, T. Tanaka and M. Sasaki, Phys. Rev. D 54 , 1439 (1996).
[26] T.Tanaka, H.Tagoshi, and M. Sasaki, Prog. Theor. Phys. 96, 1087, (1996)
[27] S. L. Shapiro and S. A. Teukolsky, Astrophys. J. 292, L41 (1985).
[28] G. D. Quinlan and S. L. Shapiro, Astrophys. J. 321, 199 (1987).
[29] E´. E. Flanagan and S. A. Hughes, Phys Rev D, submitted (gr-qc 9701039).
[30] D. Hills and P. L. Bender, Astrophys. J. 445, L7 (1995).
47
[31] K. Danzmann et. al., LISA: Proposal for a laser- interferometric gravitational wave
detector in space, MPQ-177, (1993), unpublished.
[32] T. Damour and N. Deruelle, Ann. Inst. Henri Poincare Phys. Theor. 43, 107 (1985).
[33] T. Damour and G. Scha¨fer, CR Acad. Sci. II 305, 839, (1987).
[34] T. Damour and G. Scha¨fer, Nuovo Cimento B 101, 127 (1988).
[35] G.. Scha¨fer and N. Wex, Phys. Lett. 174 A, 196, (1993); erratum 177, 461.
[36] N. Wex, Class. Quantum Gr. 12, 983, (1995).
[37] R. A. Hulse and J. H. Taylor, Astrophys. J. 195, L51 (1975).
[38] T. Damour and N. Deruelle, Phys. Lett. 87a, 81 (1981).
[39] T. Damour, in Gravitational radiation , edited by N. Deruelle, and T. Piran ( North-
Holland, Amsterdam, 1983), p. 59.
[40] T. Damour, Phys. Rev. Lett. 51, 1019, (1983).
[41] A. Wolszczan, Class. Quantum Grav. 11, A227 (1994).
[42] P. C. Peters and J. Mathews, Phys. Rev. 131, 435 (1963).
[43] Note that the E denoting conserved energy in this paper differs from E in Ref. [24] by
the rest mass. ETagoshi − 1 = Ehere.
[44] L. Esposito and E. R. Harrison, Astrophys. J. 196, L1 (1975).
[45] R. V. Wagoner, Astrophys. J. 196, L63 (1975).
[46] L. Blanchet and G. Scha¨fer, Mon. Not. R. Astron. Soc. 239, 845, (1989).
[47] L. Blanchet and G. Scha¨fer, Class. Quantum Grav. 10, 2699 (1993).
[48] W. Junker and G. Scha¨fer, Mon. Not. R. Astron. Soc. 254, 146 (1992).
[49] T. Damour and N. Deruelle, C. R. Acad. Sci. Paris 293, 537 (1981); 293, 877 (1981);
[50] L. P. Grishchuk and S. M. Kopejkin, in Relativity in Celestial Mechanics and Astrom-
48
etry, edited by J. Kovalevsky and V. A. Brumberg (Reidel, Dordrecht, 1986), p. 19.
[51] C. W. Lincoln and C. M. Will, Phys. Rev. D 42, 1123 (1990).
[52] K. S. Thorne, Rev. Mod. Phys. 52, 299 (1980).
[53] MAPLE, Waterloo Maple Software, Waterloo, Ontario, Canada.
[54] L. Blanchet, T. Damour, B.R. Iyer, C. M. Will and A. G. Wiseman, Phys. Rev. Lett.
74, 3515 (1995).
[55] A. Gopakumar, Bala. R. Iyer and Sai Iyer, Phys. Rev. D 55, 6030 (1997).
[56] B. R. Iyer and C. M. Will, Phys. Rev. Lett. 70, 113 (1993).
[57] B. R. Iyer and C.M. Will, Phys. Rev. D 52 ,6882 (1995).
[58] G. Scha¨fer and R. Reith, Class. Quantum Grav,( to appear), (1997).
[59] C. M. Will, in Relativistic Cosmology, Proceedings of the Eighth Nishinomiya-Yukawa
Memorial Symposium, edited by M. Sasaki (Universal Academy Press, Kyoto, Japan,
1994), p. 83.
[60] L. E. Simone, E. Poisson and C. M. Will, Phys. Rev. D 52, 4481 (1996).
[61] T. Damour and G. Scha¨fer, Gen. Rel. Grav. 17, 879, (1985).
[62] N. Wex and R. Rieth, in Symposia Gaussiana Eds. M. Behera,R. Fritsch and R. G.
Lintz ( W. Gruyter and Co., Berlin, 1995).
[63] W. H. Whittaker and G. N. Watson, Modern Analysis (Cambridge University Press,
Cambridge, 1927).
[64] C. M. Will and A. G. Wiseman ( private communication).
[65] A. Gopakumar and Bala. R. Iyer ( in preparation).
[66] A. G. Wiseman, Phys. Rev. D 46, 1517 (1992).
[67] L. Blanchet, B.R. Iyer, C. M. Will and A. G. Wiseman, Class. Quantum Grav. 13, 575
(1996).
49
